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Polynomials

1. For a real constant k, consider the equation

=42+ k=0

Which of the following conditions on k is necessary and sufficient for the equation to have

exactly two distinct real solutions?

QO 43 #H O Q © »

k>4

k=4

k<0
0<k<4
k=0
k<Oork=4
k<0

Solution Answer F

A condition is necessary if it must hold whenever the equation has exactly two distinct
real solutions. It is sufficient if it guarantees exactly two distinct real solutions. We need a
condition for which both statements are true.

2

Put u = 2%, so u > 0. The equation becomes

w—du+k=0

Each positive value of u gives two distinct values x = +,/u. The value u = 0 gives only
x = 0, while a negative value of u gives no real x.

For k < 4, the quadratic formula gives

u

_ 4= V(=4)2 —4(1)(k) P
2(1)

First, if £ < 0, then /4 — k > 2. Thus 2 — v/4 — k < 0, while 2 4+ v4 — k > 0. Only the
positive value of u gives real solutions, namely

:U:—\/Q—i—\/m or xz\/?—i—ﬁ

u=2+vV4=0 or 4

If K =0, then

so the three distinct real solutions are

r=-2, 0, 2

If0< k <4, then 0 < v/4—k < 2. Hence 2 — v/4 — k and 2 + /4 — k are distinct positive
values of u, each giving two values of x. There are four distinct real solutions.
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If k£ = 4, the two values given by the quadratic formula coincide:
u=2+v0=2
This repeated value of u still gives exactly two distinct real solutions:
r=—V2 or z=+72

Counting the repeated value of u again would not create additional solutions.

Finally, if £ > 4, the discriminant 16 — 4k is negative. There is no real value of u, so there
is no real value of .

These cases cover every real k. If the equation has exactly two distinct real solutions, then
k<Oor k=4; and if £ < 0 or £ = 4, then the equation has exactly two distinct real
solutions. The correct option is F'.
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Number
2. Let n be an integer. Consider the following conditions:
I: n is odd
II: n is a multiple of 4
III: n is a prime greater than 3
Which of these conditions is/are sufficient to guarantee that n3 — n is divisible by 12?
A None of them
B Tonly
C 1II only
D III only
E TIandII only
F I and III only
G II and III only
H I II, and III
Solution Answer H

A condition is sufficient if, whenever it holds, n® — n is divisible by 12.

Using difference-of-two-squares we can factorise
nd —n=n(n?-1)
=n(n—1)(n+1)

The factors n — 1, n and n + 1 are three consecutive integers, so one is a multiple of 3. To
make their product divisible by 12, we also need a factor of 4.

For I, if n is odd, then n — 1 and n + 1 are even. They differ by 2, so one is a multiple of 4
and the other is twice an odd number. Thus the product has a factor of 4 as well as a factor
of 3, and I is sufficient.

For II, if n is a multiple of 4, the product already has a factor of 4 from n. It also has a
factor of 3 because its factors are consecutive integers, so II is sufficient.

For III, a prime greater than 3 is odd: the only even prime is 2. Hence n — 1 and n 4+ 1 are
even and differ by 2, so one is a multiple of 4. The three consecutive factors also supply a
multiple of 3, so III is sufficient.

All three conditions are sufficient. The correct option is H.
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Polynomials
3. The curve C has equation y = x> — 322
A tangent to C passes through the point P(0,1)
The point at which the tangent touches C' has x-coordinate ¢

Find the complete set of possible values of ¢

A t:—%only
B t=1only
C t=-1fort=1
D t=—-lort=1
E t:%ortzl
F t:—%ort:%
Solution Answer C

Differentiate to find the gradient of the tangent at x = t:

d
£:3x2—6m

The tangent has gradient 3t — 6t and touches C at (¢,t> — 3t?). The point P lies on the
tangent, not necessarily on C, so its z-coordinate 0 is not ¢.

The equation of a line through (z1,y;1) with gradient m is y — y; = m(x — x1). Substituting
the point of contact and the gradient gives

y — (£ — 3t%) = (3t* — 6t)(x — t)

Since the tangent passes through P(0, 1), put x =0 and y = 1:

1— (3 —3t%) = (3t* — 6t)(0 — 1)

Expanding,
1— 3+ 3t2 = =363 + 612

Rearranging,
262 —3t° +1=0

The choices repeatedly suggest ¢t = 1, so try it first:

2(1)* -3(1)*+1=0

By the factor theorem, if a polynomial is zero at t = a, then ¢ — a is a factor. Thus ¢ — 1 is
a factor here.

Polynomial division by ¢ — 1 obtains

23 — 324+ 1=(t—1)(2t> =t — 1)
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Factorising the quadratic in the usual way gives 2t> —t — 1 = (¢ — 1)(2¢t + 1). Hence the
equation becomes

(t—1)2@2t+1)=0
Therefore the complete set of possible values is

1
t=1 t=—2
or B

Although t — 1 appears twice, it gives only one value of t. The correct option is C.
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Algebra

4. A student is required to solve the equation

3Vver+1l=xz-1

Their attempt is as follows:

They then conclude that the solutions of the original equation are z =

11 — 3v17
2

A

B

3Vrtl=z—159(+1)=(x—1)2

9(m+1):(x—1)2%9x+9:x2—2x+1

0r+9=22—2r+1 0 2 91, 8-

_11£3V17

2211z —8 =0 ;

11+ 3v17
2

and z =

. Which one of the following is true?

The solution is correct.

11 4+ 317 11 — 3v/17
Only one of z = % and ¢ = — is correct and the error arises as a result
of step (I).

11 4+ 317 11 — 317
Only one of x = VT and = ——— is correct and the error arises as a result
of step (II).

11 4+ 317 11 - 3v17
Only one of z = LA SVaT and z = — 5 is correct and the error arises as a result
of step (III).
There is another value of x that satisfies the original equation and the error arises as a
result of step (I).
There is another value of x that satisfies the original equation and the error arises as a
result of step (II).
There is another value of z that satisfies the original equation and the error arises as a
result of step (III).

Solution Answer B

When an attempt produces proposed solutions, substituting them back into the original
equation is often a useful first move, before studying the steps.

Substituting these surds exactly looks tedious, but v/17 ~ 4 gives quick estimates:

11-3V17 _11-3(4) 1 05
2 - 2 T2 7

11+3\/17N11+3(4)_23_115
2 = 2 T2 T T
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The minus-sign root ~ —0.5 is below 1, so the right hand side  — 1 of the original equation
is negative for this value of z. Meanwhile, the left hand side of the original equation is
always non-negative, a contradiction.

Therefore, without directly substituting, we can realise that the negative root

_11-3V17
=

T

is not a valid solution. This points us towards B, C or D and indicates we should look for a
step where extra solutions were introduced.

Now let’s look at the solution itself. Starting with Step I:

Squaring both sides is a valid forward step, but the squared equation need not give only
solutions of the original equation.

In general, squaring both sides of an equation of form a = b obtains a? = b%. But the
solutions of a? = b? include both the solutions of a = b and @ = —b, so the solutions must
be checked before they are claimed to solve a = b specifically. For example, a = 1 and
b= —1 give a® = b?, although a # b.

The correct answer is therefore B.

Squaring both sides in Step I introduced the extraneous solution

C11-3V17

v 2
which does not solve the original equation.
Remark:
In this context, the positive root
11+ 3v17
r=——
2

solves the original equation

3ver+1l=z—-1

whilst the negative root

$_11—3¢ﬁ
=—

solves the original equation with negated right hand side

WVr+l=—-x+1

Whilst not necessary to answer the question, we can directly verify that the subsequent
steps are all valid.

Step 1II is a correct expansion of brackets. Step III is a correct collection of like terms. Step
IV is a correct application of the quadratic formula:

_ (=11 £ V/(=11)2 = 4(1)(=8)
e 2(1)

11 + /153
2

11 + 3v17
2



Step IV is correct: but these are the two solutions of the squared equation, not the original
equation.
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Trigonometry

5. Let p be a real constant. Consider the equation
sinrcosT =p

on 0 <z <27

Which of the following statements is/are true?
I: If |p| < § then the equation has exactly 4 distinct solutions

1
II: If the equation has exactly 2 distinct solutions, then |p| = =

2
A None of them
B Tonly
C 1II only
D TandlII
Solution Answer D

The double-angle identity for sin(2A) is outside the TMUA specification, but it is worth
knowing. Students who do not know it should see the alternative solution below, which does
not require it.

The identity
sin(2A) = 2sin A cos A

gives a quick route.

On 0 < 2z < 47, the equation becomes

sin(2z) = 2p

9 =0, +1 9 = +1 2p=+3

72/)*71

When 0 < |2p| < 1, each period of sin(2x) has two intersections with the level 2p, giving
four solutions. At p = 0, the intersections instead occur at

3

T
:0 —_
x ) 9’ T, 2
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The point z = 27 is excluded, so this case also gives four solutions. When |2p| = 1, there is
one intersection per period, giving two solutions; when |2p| > 1, there are none. Hence both
statements are true, and the correct option is D.

Alternative Solution:
This method does not require the double-angle identity.

First, square the equation and use sin®z + cos® z = 1:

sin? z(1 — sin? z) = p?

2

Put u = sin“ z, so 0 < u < 1. The equation becomes

u(l —u) = p?

Rearranging,
w? —u+p*=0

The quadratic formula gives

(D) EVED2 -4 (pY) 11— 4p?
_ )

u

1) 2
Squaring has lost the sign of sinz cosx. For every value of u we find, we must count only
angles for which the product has the sign of p.
If0 < |p| < %, then

0<V1—-4p2<1

So the two values of u are distinct and both lie strictly between 0 and 1. For each value,
sin?z = wu gives one angle in each quadrant: two have sinzcosz > 0 and two have
sinx cosx < 0.

Exactly two angles for each value of u therefore have the required sign. The values of u
cannot give the same angle, so there are four solutions.

If |p| = 3, the two values of u coincide:

Of its four angles, exactly two have the required sign of sinx cosz. There are therefore two
solutions.

If p = 0, the original equation gives sinxz = 0 or cosx = 0. In the given range, the solutions
are
m
x =0, 57 T, 7

The endpoint 27 is excluded, so there are four solutions. Finally, if |p| > %, then 1 —4p? < 0,
and the quadratic has no real value of u.

The complete count is therefore

lp| < % | 4 solutions
lp| = % | 2 solutions
lp| > % | 0 solutions



This establishes I, including p = 0. It also establishes II: two solutions occur only when
lp| = 3. The correct option is D.
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Logic

6. We say a sequence of real numbers x,, is a Cauchy sequence if

for all € > 0 there exists a positive integer NV € N such that
for all n,m > N we have |z, — x| <e

Which one of the following statements is true if and only if x, is not a Cauchy sequence?

T Q9 H O aQw e

For every € > 0 and every N € N there exists m,n > N with |z, —z,| <€
There exists € > 0 such that for every N € N and for all m,n < N we have |z, — z,| > ¢
For every € > 0 there exists N € N and there exists m,n > N with |z, —z,| > ¢
For every N € N there exists € > 0 such that for all m,n > N we have |z, — x,| > ¢
There exists € > 0 such that for every N € N there exist m,n > N with |z, — x,| > ¢
There exists € > 0 such that for every N € N there exist m,n > N with |z, — z,| <€
There exists N € N such that for all ¢ > 0 and all m,n > N we have |z, — x,| > ¢
There exists € > 0 and there exists N € N such that for all m,n > N we have
| T — xp| > €

Solution Answer E

We need the exact negation of the supplied definition. Negate each part in order, keeping
the restrictions on the variables unchanged:

for every € > 0 there exists € > 0
there exists N € N

for all m,n> N

for every N € N

there exist m,n > N

[N A

| T — xn| < € |Tm — xp| > €

The negation therefore reads: there exists € > 0 such that for every N € N there exist
m,n > N with |z, —z,| > €.

The order matters: one fixed positive € must work for every N, although the indices m,n
may depend on N. Equality is included because we are negating a strict inequality.

This is precisely option E.

Remark: (Optional)

No prior knowledge of Cauchy sequences is needed: the question supplies a definition and
asks us to negate it using logic. The unfamiliar terminology provides the setting, but does
not change the rules for negating “for every” and “there exists”.

The definition itself describes a sequence whose terms eventually become, and remain, as
close to one another as we please. Think of € as a chosen positive tolerance and N as a
cutoff: beyond that cutoff, every pair of terms must differ by less than the tolerance. Smaller
tolerances may require later cutoffs.

Failure of this condition means that some fixed positive tolerance can never be achieved
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throughout the tail of the sequence. However far along we place the cutoff, we can still find
two later terms separated by at least that amount. It does not mean that every pair of later
terms is far apart; one offending pair beyond each cutoff is enough.

A useful feature of the Cauchy condition is that it compares terms with one another without
mentioning a limit. For real sequences, it is equivalent to convergence to a real limit; the
direction from being Cauchy to converging relies on what is called the completeness of the
real numbers R.

None of these facts about convergence is required for the solution.
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Integration

7. For a real constant k, define

2
A(k:):/_1|x—k|dx

For which value of k is A(k) minimised?

A

Q w

H = O

|
—_

N olw N e

[an}

Solution Answer B

When —1 < k < 2, the graph of y = |z — k| has its vertex at (k,0), between the limits of

integration.

From the graph, the area under the graph from z = —1 to x = 2 would clearly be larger if
the vertex were not between the limits of integration.

Thus the minimum of A(k) evidently corresponds to some k between the limits of integration,
so we only need to consider —1 < k < 2.

On this range, the area under the graph consists of two right-angled triangles. The left
triangle has base k + 1 and the right triangle has base 2 — k.


https://danieljsmith.org/?utm_source=pdf&utm_campaign=tmua&utm_content=solutions

k+1

k+1 2—k

8

The two sloping sides have gradients —1 and 1, so each triangle’s height equals its base.
This also covers k = —1 and k = 2, when one triangle has zero area.

Using area of a triangle = % x base x height gives
1 2, 1 2
A(k) = 5(/4: +1)“+ 5(2 — k)

Expanding,
1 1
Ak) = 5(kQ + 2k +1) + i(kQ — 4k + 4)

Completing the square,

The squared term is least when k = %, which lies in —1 < k < 2. Therefore A(k) is

minimised at k = %, so the correct option is B.

Alternative Solution:

We can instead split the integral where the expression inside the modulus changes sign.
Recall the definition

x, x>0
|z =
-z, <0

For x > k, we have ¢ — k > 0; for x < k, we have x — k < 0. Hence

x—k, x>k
[z — k| =
—x+k, <k

As the graph shows, we need only consider —1 < k < 2.



Splitting at x = k gives

2
A(k):/_lla:—kﬂda:

:/k(—x+k‘)dx+/:(x—k)dw

-1

Evaluating,

In completed-square form, this is
1> 9
Ak)= (k- = -
0=(k-3) +3

The square is least at k = %, which is in the permitted range. The correct option is B.
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Proof & Error Analysis

8. Consider the following problem for an integer n:
1 n+2 1 n—1
- > (=
(5) =(x)
A student produces the following argument:
n+2 n—1
I: L > L
3 —\27
1 n+2 1 n—1
: = > —
11 log% ((3) ) > log% ((27> )

1
: > — —
III: n+2>(n 1)log% (27)
IV: n+2>3(n-1)
V: n+2>3n-3

VI n<2

Which step (if any) in the argument is invalid?

There are no invalid steps; the argument is correct.
Only step I is invalid; the rest are correct.

Only step II is invalid; the rest are correct.

Only step III is invalid; the rest are correct.

Only step IV is invalid; the rest are correct.

Only step V is invalid; the rest are correct.

QO 43 B O Q © »

Only step VI is invalid; the rest are correct.

Solution Answer C

The student’s final answer claims that every integer n < 2 satisfies the original inequality.
A useful first check is therefore to choose a simple value from this claimed solution set and
substitute it into the original inequality. One value that fails is enough to show that the
claimed answer is wrong.

Choose n = 1: it lies in the student’s final range and makes the exponent n — 1 zero, so the
calculation is particularly simple.
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In Line I, substitution gives

N2 g 1\ 11
- - —>1=(=
(5) ====(z)
which is clearly false. Thus n = 1 is a counterexample to the student’s claimed answer. This
does not make Line I invalid: Line I simply states the inequality we were asked to solve.

We can now use the same value to help locate the error. Each rearrangement should preserve
the solution set, so a value rejected by the original inequality should remain rejected at
every line. Substituting n = 1 into successive lines lets us look for the point where it is
incorrectly admitted as a solution.

Sa -

This is true, although Line I was false at the same value of n. The step from Line I to Line
IT has therefore changed the solution set.

At n =1, Line II gives

The reason is that a logarithm with base between 0 and 1 reverses an inequality between
positive numbers. For example,

1
- <1
2
1
log% (2> :1>0=10g%1

Applying log: to Line I should therefore change > to <. Line II is invalid. By elimination,
3
the correct option must therefore be C.

The counterexample has located an error, but it does not establish that all the remaining steps
are valid. We can check those algebraically, judging each line against the line immediately
before it.

Using log,(a*) = klog,a and log, b = 1 in Line II gives
+2> 1)1 !
n >(n—1) g1 { 5=

Line III correctly follows from Line II.

1
log% 77 ) =

n+2>3(n-1)

. 3
Since (%) = 2%, we have

Substituting this gives

Line IV is correct.

Expanding gives
n+2>3n—3

Line V is correct.



Rearranging gives

5>2n
Dividing by 2 gives .

n < 3
As n is an integer, this is equivalent to

n <2

Line VI is correct. Only Line II is invalid, so the correct option is C.

Remark:

Taking logarithms of both sides of an inequality requires us to consider whether the logarithm
is an increasing or decreasing function. Applying an increasing function preserves the order
of two inputs; applying a decreasing function reverses it.

Merely applying the same function to both sides does not guarantee that the inequality sign
stays the same.

The sketches illustrate these two possibilities. Both logarithms pass through (1,0), but the
graph with base 2 rises from left to right (is an increasing function), whereas the graph with
base 3 falls (is a decreasing function).

For positive inputs zop < x1, the left graph shows how log, zg < log, x; when b > 1, while
the right graph shows how logy, ¢ > logy 1 when 0 < b < 1.

The marked inputs % and 1 make the reversal easy to see: their logarithms to base 2 are —1
and 0, whereas their logarithms to base % are 1 and 0.

Thus 1
- <1
2
and )
logy 5 <logy 1
but

1
log; /9 3 > logy /s 1

So logy preserved the inequality whilst log; /2 reversed it.
Indeed, log, z is an increasing function, while log; /, 2 is a decreasing function.

More generally, log, x is increasing for b > 1 and decreasing for 0 < b < 1.
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Trigonometry

9. The equation

2

2cos“x —ksinz =1

has n distinct solutions in the range 0 < x < 27

Consider the following statements:

I: %k =0 is necessary for n =2
II: £>2o0nlyifn=20

Which of the following statements is/are true?

g Q © »

Neither of them
I only

II only

T and IT

Solution Answer A

A condition is necessary for n = 2 if n = 2 cannot hold without it. Statement I therefore
says: if n = 2, then k = 0.

Recall that “A only if B” means “if A, then B”. Statement II therefore says: if k£ > 2, then
n = 0.

Both statements claim that one condition forces another. To disprove either statement, we
need just one example where its first condition holds but its claimed consequence fails.

For I, we would need n = 2 with k #£ 0. For II, we would need k£ > 2 with n # 0.

These suggest a common target: if we can find k& > 2 giving exactly two solutions, both
statements will be false. We do not yet know whether this is possible, so we first rewrite the
equation to see how its solutions depend on k.

2 2

To find such a value, first use cos*x = 1 — sin“ xz and set s = sinx. The equation becomes

2(1—s%) —ks=1

Rearranging and applying the quadratic formula gives

—k+VEk?+8
25> +ks—1=0 = s:%
We need to count only roots satisfying —1 < s < 1. A root strictly between 0 and 1 gives
two angles, so a useful counterexample would have one root in this range and the other
below —1.

Together, the statements suggest looking for a value with & > 2 and n = 2: this would
disprove both at once. The simplest integer to test is k = 3.

When k£ = 3 the roots are
=3 VIT
=

S
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Since 4 < /17 < 5, the positive root satisfies
1 -3++V1
1_=3+vir 1
4 4 2

The negative root is outside the range of sine:

—3—-1 33—
L S
4 4 4

So only the positive root is a possible value of sin z. The sketch shows that this level meets
y = sinz exactly twice for 0 < x < 2.

Neither endpoint is a solution: sin 0 = sin 27 = 0, whereas the required sine value is positive.
Hence, for k£ = 3,
n=2

Statement I is false because n = 2 but k # 0. Statement II is false because k > 2 but n # 0.
The correct option is A.

Alternative Solution:

We can instead determine the number of solutions for every real value of k. As above,
putting s = sinx gives
252 +ks—1=0

Its two roots are
—k+Vk?2+8 —k—Vk?+8
=, S e

o 4 -7 4

Since Vk? + 8 > |k|, we always have s > 0 and s_ < 0. We therefore need to check when
s+ <1 and when s_ > —1.

For the positive root,
s1 <1 <= VEk2+8<k+4

This requires k + 4 > 0. Squaring both sides then gives

B 4+8<(k+4)? — 8<8k+16 — k>-1

This last condition also ensures k + 4 > 0. Thus the positive root is a permitted sine value
exactly when k£ > —1, with s; = 1 only when k£ = —1.



For the negative root,

s> -1 = VE2+8<4—k

This requires 4 — k > 0. Squaring both sides then gives

4+8<(4—k)? «— 8<16—8k <« k<1

This last condition also ensures 4 — k > 0. Thus the negative root is a permitted sine value
exactly when k < 1, with s_ = —1 only when k£ = 1.

Each nonzero sine value strictly between —1 and 1 gives two solutions for 0 < x < 27w. A
sine value of 1 or —1 gives just one. Neither root is zero, so the endpoints z = 0 and = = 27
never contribute.

Consequently,
Condition on & Permitted sine values n
k< —1 One value strictly between —1 and 0 | 2
k=-1 land — 3
-1<k<1 Two values strictly between — 1 and 1 | 4
k=1 s and —1 3
k>1 One value strictly between 0 and 1 2

Thus n = 2 whenever k£ < —1 or k > 1, so k = 0 is not necessary. Also, every k > 2 gives
n = 2, not n = 0. Both statements are false, and the correct option is A.
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10. A real number k has the property that

2+kr+1>0

for all real x satisfying 22 —4x +3 <0
Which of the following describes the set of all such values of k7

O 434 #H O Q W

e
IN
IN
N

Lok
(VAN
IN
S

IN
> ™ ™ =

IN

[\

clr:
IN
IN
e

ol

>

[an}

Solution
Factoring the condition on = gives

2 —4x+3=(x—1)(z—-3)<0

Thus the required inequality must hold for every z satisfying

1<x<3

First suppose 22 4+ kz + 1 has two distinct real roots. This requires

k2 —4>0

Hence
k<—-2 or k>2

Calling the roots a and 3, the quadratic formula gives

k- kT —1
2

—k+VkE—14
2

smaller root = o =

larger root = 8 =

Inequalities

Answer A

An upward-opening quadratic is negative between its two distinct roots. To remain non-
negative for every x from 1 to 3, both roots must therefore lie at or to the right of 3, or

both must lie at or to the left of 1.

The schematic sketches illustrate these two arrangements; they show the general shape

rather than particular members of the family y = 22 + kx + 1.
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For the first arrangement, the smaller root o« must be at least 3:

k- kT —14

<
= 2

Rearranging gives

VE2—4<-k—-6

The square root is non-negative, so the right-hand side must also be non-negative. Hence

k< —6

We can now square both sides:
k> —4 < (—k —6)?
k? —4 < k* 4+ 12k + 36
—40 < 12k

Thus

k>
=3

No k satisfies both £k < —6 and k£ > —%, so this arrangement is impossible. Checking the
sign before squaring matters: otherwise we could mistakenly accept values for which —k — 6
is negative.

For the second arrangement, the larger root 8 must be at most 1:

S —k+Vk?—4

1
2

Rearranging gives

VE? —4<k+2

The right-hand side must be non-negative, so

k> -2

Squaring both sides gives
k* —4 < (k+2)?
k? —4 <k*+4k+4

-8 < 4k



This again gives k > —2. Combining it with the condition for two distinct roots, k < —2 or
k > 2, leaves
k>2

We must also consider quadratics without two distinct real roots. When k? — 4 < 0, the
upward-opening quadratic is positive everywhere. When k? — 4 = 0, it touches the axis and
is non-negative everywhere. These cases together give

—2<k<L2

Combining this with £ > 2, the complete range is

k> -2

The correct option is A.

Alternative Solution 1:

The inequality must hold at every allowed value of x, so testing a convenient endpoint can
give a necessary condition. At x =1,

P4+k()+1=k+2>0

Therefore
k> -2

Testing one point does not establish that this condition is sufficient. We must also show
that every k > —2 makes the quadratic non-negative for all  from 1 to 3.

The boundary value k = —2 suggests how to do this, since it gives the perfect square

22— 2 4+1=(z—1)?

For a general k > —2, write

4 kr+1=(x-1)>%*+k+2)z

Here (z —1)2 > 0, and (k + 2)x > 0 because k +2 > 0 and z > 1. Hence

22+kx+1>0

Thus k£ > —2 is both necessary and sufficient, so the correct option is A.

Remark: Requiring a non-positive discriminant would ensure that the quadratic is
non-negative for every real . That is stronger than the question requires: only values with
1 <z < 3 matter. In particular, £ > 2 gives two negative roots, so the quadratic can be
negative elsewhere while remaining positive throughout the required range.

Alternative Solution 2:

Factoring the restriction gives
(x—1)(x—3)<0



Hence
1<x<3

We can also use the differences between the options to eliminate them. An option is false if
it includes a value of k that fails, or excludes a value that works.

Options B, D, E and F all include £k = —3. This is an easy value to test at the allowed
endpoint z = 1:

2+ (=3)(1)+1=-1<0
Thus k = —3 fails, ruling out all four options.

Of the remaining options A, C and G, only G excludes k = —2. But when k = —2,

2 —2r4+1=(z—-1)2>0

This holds for every real z, so kK = —2 works and G is false.

Finally, A and C differ over whether values greater than 2 are allowed. Try k = 3. For every
x with 1 <z < 3, all three terms in 2 4 3z + 1 are positive, so this value works. Option C
excludes it and is therefore false.

Only A remains, so the correct option is A.
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Functions & Graphs

11. Consider the curve defined by
(Jo| =4+ (y—1)?*=1

How many distinct straight lines passing through the origin are tangents to this curve?

H =2 O Q @ »
o

Solution Answer D

Split the equation according to the sign of z. Recall that

x x>0
|| =
- <0

For x > 0, the equation becomes

(x—4)2+@w-1)2%=1

The standard equation (x — a)? + (y — b)? = r? describes a circle with centre (a,b) and
radius r. This circle has centre (4,1) and radius 1, so all its points satisfy

3<x<bh
Thus the restriction x > 0 does not cut off any of the circle.
For z < 0, substituting |z| = —x gives

(—z—4)>2+(@y-1)72%=1

Hence
(z+4)°+(@y-17°=1

This is the whole circle with centre (—4,1) and radius 1: all its points satisfy

—5<r< -3

The two circles and their tangent lines through the origin are shown to scale.
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The z-axis touches both circles, but it is only one distinct line. The sketch shows one further
tangent from the origin to each circle; these are reflections in the y-axis and are different
lines.

Therefore the number of distinct tangent lines is

1+14+1=3

The correct option is D.

Alternative Solution:

For z > 0, the curve is the entire circle (z — 4)% + (y — 1)? = 1, since its centre is (4,1) and
its radius is 1. A non-vertical line through the origin has equation y = mu.

Substituting into the circle equation gives

(x —4)* 4+ (mx—1)* =1

FExpanding,
2?2 -8z +16 +m?z? —2mx +1=1

Collecting terms,
(1+mPa? — (8+2m)z+16=0

The line is tangent when this quadratic has one repeated root. For a quadratic az?+bx+c = 0,
this means its discriminant b? — 4ac is zero.
Here the discriminant is
A = (8 +2m)* — 4(1 +m?)(16)
= 64 + 32m + 4m? — 64 — 64m?
= 4m(8 — 15m)

Setting A = 0 gives
A4m(8 — 15m) =0

Therefore the right-hand circle has tangents with slopes
8

:O = —
m or m 15



Reflection in the y-axis changes the slope m to —m. The left-hand circle therefore has

tangents with slopes
8

m=0 or m=-——
15
We must also check the vertical line x = 0, which cannot be written as y = ma. Substituting

x = 0 into the original equation gives

6+ (@y—1)72=1

This has no real solution, so the vertical line is not a tangent. The three distinct tangent

lines have slopes 0, = and —18—5, so the correct option is D.

’ 15
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12. Let a and b be positive real numbers, neither of which is equal to 1.

A student attempts to prove the following claim:
Claim: If log, b = log, a then a = b

The student writes the following argument:

Line 1: Let t = log, b, so that a’ = b
Line 2: Since b # 1, we have t # 0
Line 3: Raising both sides of a’ = b to the power % gives a = b!/!

. . _1
Line 4: Hence log,a = 7, i

Proof & Error Analysis

so the given condition implies t = 1, and therefore 2 = 1

Line 5: Since a’ = b and both a and b are positive, we must have ¢ > 0

Line 6: Hencet =1

Line 7: Therefore b = a' = a, which proves the claim.

Which line contains the first error?

Line 1
Line 2
Line 3
Line 4
Line 5
Line 6

Line 7

o Q ®m =" U aa w e

There is no error; the argument is correct.

Solution
point.
In Line 2, a = 1, whereas b # 1. Therefore ¢ # 0. Line 2 is correct.

(at)l/t — bl/t

Using the laws of indices gives
a= b/t

Line 3 is correct.

Answer E

We are asked for the first error, so check each step against the information available at that

Line 1 uses the definition of a logarithm: ¢ = log, b means a! = b. Line 1 is correct.

Since t # 0 and both bases are positive, we may raise both sides of a’ = b to the power 1/t:
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By the definition of a logarithm, b/t = a gives

1 1
ogya = —
b t

The given equality of logarithms therefore implies

1
t=-
t
Multiplying by ¢ # 0 gives
t*=1

Line 4 is correct. At this point, there are two possibilities:

t=1 or t=-1

Line 5 attempts to exclude t = —1 using the positivity of a and b. But a positive base raised
to a negative power still gives a positive number. In particular,

1
at==>0
a

Thus a* = b with a,b > 0 does not force t > 0. The first error is in Line 5, so the correct
option is E.

The rejected possibility also gives a counterexample to the claim. Choose a =2 and b = %

Both satisfy the stated restrictions, and

1
1 - =1
0g22

log12=—-1
2

The logarithms are equal, but a # b.

Alternative Solution:

The claim says that equal logarithms force a = b. To disprove it, we would need two different
allowed values of a and b for which the logarithms are equal.

Reciprocal values are worth trying: if b = 1/a, then raising either number to the power —1
gives the other. Choose a =2 and b = % Since

we have 1
logs 5= log% 2=-1

Thus the hypothesis holds but the conclusion fails. We can now follow this example through
the argument to see where the student excludes a possibility that should remain allowed.
Line 1 gives t = —1 and 27! = %, both of which hold.

Line 2 gives t # 0, which also holds.



In Line 3, raising both sides to the power 1/t = —1 gives

(3)
2= =

2
This is true.

In Line 4,
1
log;2:—1:¥ and t2=(-1)%*=1
2

These statements also hold. Line 5, however, claims ¢t > 0, whereas our example has t = —1.

This identifies Line 5 as invalid. Substitution alone does not prove that the earlier lines
are valid in general, but their uses of the logarithm definition and index laws are valid, as
checked above. The first error is therefore in Line 5, and the correct option is E.

Remark:

The valid steps establish ¢2 = 1, so the original condition has two possibilities:

t=1 = b=a

t=—-1 — b=

Q|

Both possibilities satisfy the equality of logarithms. The student’s mistake is to discard the
reciprocal case without justification.

The claim would become true if we additionally required a > 1 and b > 1. For a base greater
than 1, a negative power gives a value less than 1, so a* = b > 1 forces t > 0. Then t> =1
leaves only t = 1, giving a = b.

The distinction is between a positive value and a positive exponent: positivity of a’ alone
tells us nothing about the sign of ¢, because every real power of a positive base is positive.
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Geometry
13. Let C be the circle 22 + 3% = 9
Let P be the point (a,0) where a > 3
The two tangents from P to C touch the circle at 77 and Tb

What is the area of triangle P7175 in terms of a?

A 3Va?2-9

2 )3/2
B 3(a 29)
a
9
_ a2 -9
a
D % =9
E a2 -9
3
F a2 -9
a
G 9
a?—9
Solution Answer B

To find the area of triangle PT175, take 7175 as the base and find the perpendicular distance
from P to this base.

Let O be the centre of the circle. By symmetry about OP, the chord 7175 meets OP at its
midpoint H and is perpendicular to it. Thus we need the lengths 71 H and PH.

The radius to a point of contact is perpendicular to the tangent, so triangle OT1 P is
right-angled at T77. Write 6 = ZT10P.

The circle has radius 3, so OT7 = 3, while OP = a. Applying Pythagoras in triangle OT} P
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gives

PTy = \/OP2 — OT? = \/a? — 9

In the same triangle,

0 o1, 3
cosf = — = —
OP a
. P13 a?—-9
sinf = =

oP a
These ratios let us find the sides of the smaller right-angled triangle OTy H, which shares
the angle 6 at O and has hypotenuse OT} = 3:

OH = OTjcosf =3 <3> = ?

a

TlH = OT1 sinf = 3 (

Since H is the midpoint of 1115, the base is

a2 —
T1T2:2T1H:M
a

The perpendicular height is PH. Subtracting OH from OP gives

2 _
PH=q_ 2979
a a

Ty = 6va%2-9

a



Using area = % X base x perpendicular height gives

1 6va2—-9 a?-9
Area of PT\T5 = — X a X a4
2 a a
~ 3(a* - 9)Va® -9
= 3
B 3((12 _ 9)3/2
==

The correct option is B.
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Functions & Graphs

14. Let f(x) = |z — 1| and g(x) = |z + 1|
Define

How many integers z satisfy h(z) < 17

0 5 O Q ®© »

Solution
Substitute g(z) = |z + 1| into f:

h(z) = f(g(x)) = [l + 1] -1

Answer C

For integer x, adding or subtracting 1 and taking an absolute value all give integers. Thus

h(zx) is an integer; the outer absolute value also gives h(z) > 0.

The only integer that is non-negative and less than 1 is 0, so we need

h(z) =0

Therefore
llz+1]—1]=0

An absolute value is zero only when the expression inside it is zero. Hence

lz4+1]—1=0

Adding 1 gives
lz+1]=1

Therefore
z+1=1 or z+1=-1

Subtracting 1 gives
=0 or z=-2

There are two such integers, so the correct option is C.

Alternative Solution:

We can instead solve the inequality for real x and then count the integers that satisfy it.
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For any real expression v, |[v| < 1 means —1 < v < 1. Thus

lz+1-1<1 <= -1<[z+1-1<1

Adding 1 throughout gives
O<l|z+1]<2

The sketch of y = |z 4 1| shows where the graph lies strictly above y = 0 and strictly below
y=2. It meets y =2 at x = —3 and & = 1, and meets y = 0 at its vertex, where z = —1.

The upper bound |z + 1| < 2 therefore gives

—3<z<l1

The lower bound 0 < |z + 1| excludes the vertex = —1. Both inequalities are strict, so the
three points marked with open circles are excluded.

The integers satisfying —3 < x < 1 are —2, —1 and 0. Removing —1 leaves

r=-2 or =0

There are two, so the correct option is C.
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15. A cuboid has edge lengths a, b and ¢
The diagonals of its three different rectangular faces have lengths 5 cm, v/153 cm and 44/10 cm
What is the volume of the cuboid?

] H O Q W »

60 cm?

144 cm?
156 cm3
180 cm?
240 cm?

624 cm?

Solution

Geometry

Answer B

Each given diagonal belongs to a rectangular face, so Pythagoras relates its length to two
edge lengths. Label the front face with sides a and b, the top face with sides b and ¢, and

the side face with sides a and ¢, as shown.

\/ﬁ, cm

(‘1]]

Applying Pythagoras to the three faces gives
a>+0*=25 (1)
b +c2 =153 (2)
a?+c* =160 (3)

2

Subtracting equation (2) from equation (3) eliminates c*:

- =7

Adding this to equation (1) eliminates b*:

2a% = 32

Hence
a’ =16

0127
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Substituting into equation (1), then equation (2), gives
b* =25-16=09

2 =153 —9 =144

Edge lengths are positive, so

The volume is
abc =4 x 3 x 12 = 144 cm?

The correct option is B.
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Proof & Error Analysis

16. A student attempts to prove the following claim.

Claim: For every real number k with k£ > % the equation
x3 — 3k%x + k = 0 has three distinct real solutions.

The student produces the following argument:

L1 Let f(z) = 2% — 3k%x + k, so f'(x) = 322 — 3k?, and f'(x) = 0 exactly when

x = —k or x = k,and these two values are different because k # 0
L2 We have f/(z) > 0 for x < —k and for z > k, and f'(z) <0 for —k <z <k
so f has a local maximum at x = —k and a local minimum at x = k

L3 The local maximum value is f(—k) = 2k3 + k, which is positive because k > 0
L4 The local minimum value is f(k) = k — 2k3 < 0

L5 A cubic with positive 2% coefficient whose local maximum value is positive and
whose local minimum value is negative meets the x-axis at three different points, so the
equation has three distinct real solutions

Which one of the following statements about this argument is correct?

The first error is on line L1
The first error is on line L2
The first error is on line L3
The first error is on line L4
The first error is on line L5

There is no error, and the claim is true.

QO 42 #H O Q @ »

There is no error in any line, but the claim is false.

Solution Answer D

We need to identify the first unjustified step, so check the lines in order. There is no need
to solve the cubic.

In L1, differentiating gives

f'(z) = 32% = 3k* = 3(x — k)(z + k)

Since k > % > 0, the derivative is zero at the two distinct values x+ = —k and x = k. L1 is
correct.

For L2, the factors x — k and = + k£ have the same sign when x < —k or x > k, and opposite
signs when —k < z < k. The graph therefore rises, then falls, then rises again. This gives a
local maximum at x = —k and a local minimum at x = k. L2 is correct.

In L3, substituting z = —k gives

f(=k) = (—k)® = 3K*(=k) + k =2k + k > 0
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Both terms are positive because k > 0. L3 is correct.

In L4, the calculation of the minimum value is correct:
flk) =K — 3K + &
=k —2k°
= k(1 — 2k?)

However, its sign needs checking. Since k£ > 0, this expression is negative precisely when

1-2k*<0
Rearranging gives
1
k> -
2
Since k > 0, this requires
1
k>—

V2

The question only gives k > %, which does not guarantee this stronger condition. To compare

the two bounds, square them:
2\ 4 1 1)?
— = - < - = -
3 9 2 V2
2

Both bounds are positive, so § < % There are therefore allowed values of k£ for which the
local minimum is not negative.

For a concrete example, choose k = 1—70, which lies above % but below % Substituting gives
3
AT NG
10 10 10
~ 700 — 686
~ 1000
7

This contradicts the negative sign asserted in L4, so 14 is the first error.

The graphical reasoning in L5 is valid: if the local maximum is above the z-axis and the local
minimum is below it, the cubic crosses the axis once before the maximum, once between the
turning points and once after the minimum. The error is that L4 claims the minimum is
below the axis for every allowed k.

The correct option is D.
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Polynomials

17. Consider the statement:

For all real numbers z, if 2 + px +1 < 0 then z < 2 ()

What is the complete set of real values of p for which (x) is true?

g aQa @ »

no real values of p
all real values of p
p=>0

p<0

5D
p="5

p<—4orp>0
Solution Answer E

The statement fails only if some = > 2 satisfies 22 + pz + 1 < 0. We therefore need

22 4+pr+1>0 for every = > 2

This is the contrapositive of the original statement: “if A then B” is equivalent to “if not
B then not A”.

We can check this by considering the roots of the quadratic. Its discriminant is p? — 4. If

p?—4<0

then
—2<p<2

For these values of p, the graph has no roots and opens upwards, so the quadratic is positive
for every real x. All these values work.

For the remaining values, p < —2 or p > 2, the quadratic has real roots, possibly equal. It
is zero or negative between the roots, including the roots themselves. Thus the original
statement holds exactly when the larger root is at most 2. Equality is allowed because x = 2
satisfies the required conclusion.

By the quadratic formula, we therefore require

VP-4
5 <

If p> 2, then \/p?2 —4 < p, so
—p+Vp*P—4
2

<0<2

Thus every p > 2 works.
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Now suppose p < —2. Rearranging the root inequality gives
VpR—4<p+4

The left-hand side is non-negative, so the right-hand side must also be non-negative:

p=>—4

With this restriction, we can square both sides without changing the condition:
PP =4 < (p+4)?
pP—4<p’+8p+16
—20 < 8p

Hence
5 98
P="5
This also satisfies the sign restriction p > —4. Within the case p < —2, the permitted values
are therefore

<p< -2

Do | ot

Combining this with —2 < p < 2 and p > 2 gives the complete range

S0
p=5

The correct option is E.

Alternative Solution:

We can also distinguish the options by testing convenient values of p. To rule out an option,
we can either find a value it excludes that works, or a value it includes that fails.

Start with p = 0. Then 22 + 1 > 0 for every real x, so no « satisfies the premise z? + 1 < 0.
There can therefore be no counterexample to the statement, and p = 0 works. This rules
out A, D and F, which all exclude p = 0.

Of the remaining options, try p = —2, since it gives a familiar square:

22 =204+ 1= (x—1)?
This is at most zero only when x = 1. Since 1 < 2, the statement holds for p = —2. This
rules out C.

Only B and E remain. They disagree about values below —%, so try p = —3. To show that
this value fails, we need an « > 2 for which 2% — 3z + 1 < 0.

Atz =2,
22 -3(2)+1=-1

This suggests trying a nearby value greater than 2: z = 2 itself cannot be a counterexample
because it satisfies x < 2. Taking = = % gives

5\' _4(5), 25 30 4
2 2 4 4 4



Here the premise holds but the conclusion fails, since % > 2. Thus p = —3 does not work,
ruling out B.

Only E remains, so the correct option is E. The first solution establishes the complete range
directly; this method identifies it by eliminating the other choices.
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Sequences € Series
18. A sequence x, is defined by 21 = 1 and
1
Tpntl = ga:n + 2
for n > 1.
Let S be the sum to infinity of the series
o
(xn-i—l - xn)
n=1
What is the value of S7
3
A —3
-1
C 2
9
D 3
E The series does not converge.
Solution Answer C

Within the TMUA specification, an infinite series to be evaluated is expected to be geometric,
perhaps after some rearrangement. This suggests looking for a common ratio between the
terms being added.

Here those terms are the differences z, 11 — z,. Subtracting two versions of the recurrence
will cancel the constant 2, allowing us to compare consecutive differences.

Write
dn = Tn4+1 — Tn

The recurrence gives

Thus the first term of the series is

d1:$2—x1:§—1:f

For consecutive differences,
dn+1 = Tn+2 — Tn+l
1 1
= <31‘n+1 + 2) - (an + 2>
1
= *(anrl - mn)
1

3
= —d,
3
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The differences therefore form a geometric sequence with first term % and common ratio %

Hence
g2, 4.4,
39 27

For a geometric series with first term @ and common ratio r, the sum to infinity is ;= when

Ir| < 1. Here r = 1

3> SO

The correct option is C.

Alternative Solution:

This route uses limits of sequences, which are beyond the specification. The useful observation
is that successive differences cancel when added:

N
D (@ng1 —@n) = (22 — 31) + (23 — 72) + -+ + (TN41 — 2N)
n=1

= IN+1 — 71

=aony1 — 1

This cancellation is called “telescoping” or the “method of differences”. If x, approaches a
limit L, the partial sums therefore approach L — 1.

To justify that such a limit exists, note that x1 < 3 and the recurrence preserves this bound:
if 2, < 3, then @41 < 3(3) +2 = 3. Also,

2
Tpil — Ty = §(3—xn) >0

Thus the sequence is increasing and bounded above by 3, so it has a limit. Write

L= lim z,
n—0o0

As n increases, both z,, and x,41 approach L. Taking limits in the recurrence gives

1
L=_-L+2
3 +

Solving,

Therefore
S=L-1=3-1=2

The correct option is C.
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Number

19. The highest common factor of two positive integers is 18, and their lowest common multiple is
3780.

What is the smallest possible value of the sum of the two integers?

504
522
540
958
666

0 5 O Q ® »

738

Solution Answer B

Since the highest common factor is 18, write the integers as 18a and 18b, where a and b are
positive integers with no common factor greater than 1. Otherwise, that common factor
multiplied by 18 would divide both original integers.

Numbers with no common factor greater than 1 are called “coprime”. Their lowest common
multiple is their product, so the LCM of 18a and 18b is 18ab. Hence

18ab = 3780

Dividing by 18 gives
ab =210

We want to minimise 18(a + b). Since the answer choices are in increasing order, we can
test the smallest first and stop when we find one that is attainable.
For option A, the proposed sum gives

504
b=—=2
a+ 13 8

Substituting b = 28 — a into ab = 210 gives
a(28 —a) =210

Rearranging,
a? —28a 4210 =0

Its discriminant is
28% — 4(1)(210) = 784 — 840 = —56

The discriminant is negative, so there are no real values of a and b with this sum and
product, let alone positive integers. Option A is impossible.
For option B, the proposed sum gives

522
b=—=29
a+ 13
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Substituting b = 29 — a into ab = 210 and rearranging gives
a* —29a +210 =0

The numbers 14 and 15 multiply to 210 and add to 29, so
(a—14)(a—15)=0
Thus a and b are 14 and 15 in either order. They are coprime: any common factor would
divide their difference, which is 1.
The original integers are therefore

18(14) =252  and  18(15) = 270

Their HCF is 18, their LCM is 18(14)(15) = 3780, and their sum is
252 + 270 = 522

Option A is impossible and option B is attainable. Since the question supplies the complete
set of answer choices, the correct option is B.

Alternative Solution:
We can establish the minimum directly by listing the possible factor pairs.

As above, write the integers as 18a and 18b, where a and b are coprime. The LCM condition
gives
ab=210=2-3-5-7

To list each pair once, take a < b. Then a < /210, and
14% < 210 < 152

Thus we need only check factors a < 14. The complete list of factor pairs and their sums is

a| b |a+b
1 ]210| 211
2 [105| 107
317 | 73
5 | 42 47
6 | 35 | 41
7130 | 37
10| 21 31
14| 15 29

Every pair is coprime (has highest common factor = 1). If a prime divided both factors,
its square would divide their product 210, but the prime factorisation of 210 contains each
prime only once.

The least possible value of a + b is therefore 29, attained by a = 14 and b = 15. Hence the
smallest sum of the original integers is

184 + 18b = 18(29) = 522

The correct option is B.
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Logic

20. Consider the statement about a real number k:

For all real numbers x there exists a real number y such that

(x—y)? +k(z+y) >0 (+)

For which values of k is () true?

T Q ®m " U aa w e

for no real values of k

for all real values of k

for all real k with k£ > 0

for all real k with £ <0

for all real k with k£ # 0

for exactly one real value of k
for all real &k with & >0

for all real k with &£ <0

Solution Answer B

Fix any real k. The statement requires that, for every real x, we can find a real y making
the expression positive. We may choose y after = is given, so the choice can depend on both
x and k. We do not need one value of y that works for every x.

The term k(z + y) suggests choosing y = —x, which makes this term zero. If = # 0, this
gives
(x — (—2))2 + k(x4 (—x)) = 42> > 0

Thus every nonzero x is dealt with, whatever the value of k.

When x = 0, this choice gives zero, whereas we need strict positivity. This does not mean
the statement fails: we are free to choose a different y. The required inequality becomes

v +ky>0

Choose y = 1 when k > 0. Then

V¥ 4ky=14k>0

Choose y = —1 when k < 0. Then

V4ky=1—k>0

In each case, y?> = 1 and ky > 0, so the expression is positive.

We have found a suitable y for every real x, with no restriction on k. The correct option is B.

Alternative Solution:
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For any fixed real x and k, treat the expression as a quadratic in y, since y is the variable
we are free to choose:

(x—y)? +k(z+y) =2 =22y +y° + kax+ ky
= >+ (k—2z)y+ 2 + kx
The coefficient of y? is positive, so the graph opens upwards. The schematic sketch shows a

quadratic whose minimum is below the horizontal axis. Even in this case, both arms rise
above the axis, giving choices of y for which the expression is positive.

q(y)

qly) = y?* + (k — 2z)y + 2% + kx

Changing x and k changes the position of the quadratic, but it still opens upwards. We can
therefore always choose a sufficiently large positive or negative y to make the expression
positive.

There is no need for the quadratic to be positive for every y: the statement asks only for
one suitable y for each given x.

This works for every real k, so the correct option is B.
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