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1. A particle P of mass 2 kg is moving with speed 15m s−1 in the direction of 3i+4j when it receives an impulse
JNs. Immediately after receiving the impulse, P is moving with speed 17m s−1 in the direction of 8i+15j.

(a) Find the magnitude of J [4]

The angle between the direction of the impulse and the direction of motion of P immediately before
receiving the impulse is α◦.

(b) Find the value of α [3]

Solution

(a) The initial direction is 3i+ 4j, whose magnitude is√
32 + 42 = 5

So the initial velocity is

u = 15

(
3i+ 4j

5

)
= 9i+ 12j

The final direction is 8i+ 15j, whose magnitude is√
82 + 152 = 17

So the final velocity is

v = 17

(
8i+ 15j

17

)
= 8i+ 15j

Using impulse = change in momentum,
J = 2(v − u)

Hence

J = 2
(
(8− 9)i+ (15− 12)j

)
= 2(−i+ 3j)

= −2i+ 6j

Therefore its magnitude is

|J| =
√
(−2)2 + 62

=
√
40

= 2
√
10

So the magnitude of the impulse is 2
√
10N s.

(b) The direction of motion before the impulse is the direction of 3i+ 4j.

The impulse vector is
J = −2i+ 6j

Let α be the angle between J and 3i+ 4j.

Using the scalar product,

cosα =
J · (3i+ 4j)

|J| · |3i+ 4j|
Now

J · (3i+ 4j) = (−2)(3) + (6)(4)

= −6 + 24

= 18
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Also,
|J| = 2

√
10, |3i+ 4j| = 5

So

cosα =
18

(2
√
10)(5)

=
9

5
√
10

Hence

α = cos−1

(
9

5
√
10

)
≈ 55.3◦

So α = cos−1
(

9
5
√
10

)
≈ 55.3◦.
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2. A particle P of mass 0.8 kg is moving with velocity λ(i+2j)m s−1 when P receives an impulse of magnitude

8
√
2

5
N s

Immediately after receiving the impulse, P is moving at speed 5m s−1 in the direction of 3i+ 4j.

Given that λ is a constant, find the two possible values of λ [6]

Solution

Let the initial velocity be u and the final velocity be v.
The particle initially has velocity

u = λ(i+ 2j)

After the impulse, its speed is 5m s−1 in the direction of 3i+ 4j.
Since

|3i+ 4j| =
√

32 + 42 = 5

the unit vector in that direction is
1

5
(3i+ 4j)

so the final velocity is

v = 5 · 1
5
(3i+ 4j) = 3i+ 4j

Now use
impulse = change in momentum

Since the mass is 0.8 = 4
5 kg,

J =
4

5
v − 4

5
u

So

J =
4

5
[(3i+ 4j)− λ(i+ 2j)]

=
4

5
[(3− λ)i+ (4− 2λ)j]

We are given that the magnitude of the impulse is
8
√
2

5
N s, so

∣∣∣∣45 [(3− λ)i+ (4− 2λ)j]

∣∣∣∣ = 8
√
2

5

Squaring both sides, (
4

5

)2 [
(3− λ)2 + (4− 2λ)2

]
=

(
8
√
2

5

)2

Hence

16

25

[
(3− λ)2 + (4− 2λ)2

]
=

128

25

Multiply by
25

16
:

(3− λ)2 + (4− 2λ)2 = 8

Expand:

(3− λ)2 + (4− 2λ)2 = 8

(λ2 − 6λ+ 9) + (4λ2 − 16λ+ 16) = 8

5λ2 − 22λ+ 25 = 8

5λ2 − 22λ+ 17 = 0
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Factorising,
(5λ− 17)(λ− 1) = 0

Therefore

λ =
17

5
or λ = 1

So the two possible values of λ are

λ = 1 or λ =
17

5

https://danieljsmith.org


Solutions - Vector Momentum and Impulse danieljsmith.org

N

15m s−1

9m s−1

J Ns

P

30◦

3. A particle P of mass 0.4 kg is moving due east with speed 15m s−1 on a smooth horizontal plane. The
particle receives a horizontal impulse of magnitude J Ns.

Immediately afterwards, P is moving with speed 9m s−1 on a bearing of 330◦, as shown in the diagram.

Find the value of J [6]

Solution

Use the impulse–momentum relation:

impulse = change in momentum

Take east as the positive x-direction and north as the positive y-direction.
Initially, the particle is moving due east at 15m s−1, so its initial velocity is

u =

(
15
0

)
Hence the initial momentum is

p1 = 0.4u = 0.4

(
15
0

)
=

(
6
0

)
After the impulse, the particle moves with speed 9m s−1 on a bearing of 330◦.
A bearing of 330◦ means 30◦ west of north, so the final velocity has components

v =

(
−9 sin 30◦

9 cos 30◦

)
=

(
− 9

2

9
√
3

2

)

Therefore the final momentum is

p2 = 0.4v = 0.4

(
− 9

2

9
√
3

2

)
=

(
− 9

5

9
√
3

5

)
=

(
−1.8

1.8
√
3

)
So the impulse vector is

J = p2 − p1 =

(
− 9

5

9
√
3

5

)
−
(
6
0

)
=

(
− 39

5

9
√
3

5

)
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Its magnitude is

J = |J|

=

√√√√(−39

5

)2

+

(
9
√
3

5

)2

=

√
1521

25
+

243

25

=

√
1764

25

=
42

5

Hence
J = 8.4N s

So the value of the impulse is 8.4N s.
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4. A particle Q of mass 0.5 kg is moving on a smooth horizontal surface with speed 10m s−1 in the direction
of the vector 4i − 3j. The particle then receives an impulse of magnitude 5N s in the direction of the
vector 3i+ 4j.

(a) Find the speed of Q immediately after receiving the impulse [4]

As a result of receiving the impulse, the direction of motion of Q is turned through an angle θ◦.

(b) Find the value of θ [2]

Solution

(a) The given direction vector for the initial motion is 4i− 3j, whose magnitude is√
42 + (−3)2 = 5

So the unit vector in this direction is
4i− 3j

5

Hence the initial velocity is

v1 = 10

(
4i− 3j

5

)
= 8i− 6j

Since the mass is 0.5 kg, the initial momentum is

p1 = 0.5(8i− 6j)

= 4i− 3j

The impulse has magnitude 5N s in the direction 3i+ 4j. Since

|3i+ 4j| = 5

the unit vector in this direction is
3i+ 4j

5

So the impulse vector is

J = 5

(
3i+ 4j

5

)
= 3i+ 4j

Using
impulse = change in momentum

the final momentum is

p2 = p1 + J

= (4i− 3j) + (3i+ 4j)

= 7i+ j

Hence the final velocity is

v2 =
p2

0.5

=
7i+ j

0.5
= 14i+ 2j
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Therefore the speed immediately after the impulse is

|v2| =
√

142 + 22

=
√
196 + 4

=
√
200

= 10
√
2

So the speed is 10
√
2m s−1.

(b) The angle turned is the angle between the initial and final directions of motion.

We can use the initial direction vector 4i− 3j and the final direction vector 7i+ j.

Using the scalar product,

cos θ =
(4,−3) · (7, 1)
|(4,−3)||(7, 1)|

Now

(4,−3) · (7, 1) = 4 · 7 + (−3) · 1 = 28− 3 = 25

|(4,−3)| = 5

|(7, 1)| =
√
72 + 12 =

√
50 = 5

√
2

So

cos θ =
25

5(5
√
2)

=
1√
2

Hence
θ = 45◦

So the direction is turned through 45◦.
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5. A particle P of mass 1 kg is moving with velocity (3i+ j+ k)m s−1.

The particle receives an impulse λ(2i+ j+ 2k)N s, where λ is a constant.

Immediately after receiving the impulse, the kinetic energy of P is 19 J.

Find the possible values of λ [7]

Solution

Impulse = change in momentum.
Since the mass of P is 1 kg, its initial momentum is

1(3i+ j+ k) = (3i+ j+ k) kgm s−1

The impulse is
λ(2i+ j+ 2k)N s

So the momentum immediately after the impulse is

(3i+ j+ k) + λ(2i+ j+ 2k)

As the mass is 1 kg, the velocity immediately after the impulse is

v = (3 + 2λ)i+ (1 + λ)j+ (1 + 2λ)k

The kinetic energy after the impulse is 19 J, so

1

2
(1)|v|2 = 19

hence
|v|2 = 38

Now
|v|2 = (3 + 2λ)2 + (1 + λ)2 + (1 + 2λ)2

So

(3 + 2λ)2 + (1 + λ)2 + (1 + 2λ)2 = 38

(9 + 12λ+ 4λ2) + (1 + 2λ+ λ2) + (1 + 4λ+ 4λ2) = 38

11 + 18λ+ 9λ2 = 38

Therefore

9λ2 + 18λ− 27 = 0

λ2 + 2λ− 3 = 0

(λ+ 3)(λ− 1) = 0

Hence the possible values of λ are
λ = 1 or λ = −3

https://danieljsmith.org


Solutions - Vector Momentum and Impulse danieljsmith.org

6. A particle P of mass 5 kg is moving with speed 13m s−1 in the direction of the vector 5i− 12j when it
receives an impulse (45i+ 90j)N s.

(a) Find the speed of P immediately after receiving the impulse [4]

The direction of motion of P is then changed by α◦.

(b) Find the value of α [2]

Solution

(a) The given direction vector is 5i− 12j, whose magnitude is√
52 + (−12)2 =

√
25 + 144 = 13

Since the speed is 13m s−1, the initial velocity is

v1 = 13 · 5i− 12j

13
= 5i− 12j

So the initial momentum is
p1 = 5v1 = 5(5i− 12j) = 25i− 60j

Impulse = change in momentum, so

p2 = p1 + (45i+ 90j)

Hence
p2 = (25i− 60j) + (45i+ 90j) = 70i+ 30j

Therefore the final velocity is

v2 =
p2

5
=

70i+ 30j

5
= 14i+ 6j

So the speed immediately after the impulse is

|v2| =
√
142 + 62 =

√
196 + 36 =

√
232 = 2

√
58

Therefore the speed is 2
√
58m s−1, approximately 15.2m s−1.

(b) The angle α is the angle between the initial and final directions, so use the scalar product of the velocity
vectors:

v1 = 5i− 12j, v2 = 14i+ 6j

Now
v1 · v2 = (5)(14) + (−12)(6) = 70− 72 = −2

Also,
|v1| = 13, |v2| = 2

√
58

Using
v1 · v2 = |v1||v2| cosα

gives
−2 = (13)(2

√
58) cosα

so

cosα =
−2

26
√
58

= − 1

13
√
58

Hence

α = cos−1

(
− 1

13
√
58

)
≈ 90.6◦

Therefore α = cos−1
(
− 1

13
√
58

)
≈ 90.6◦.
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7. A particle of mass 1 kg is moving with velocity (i+ 3j− k)m s−1 when it receives an impulse INs.

As a result, its kinetic energy increases by 6.5 J and the particle then moves in the direction (i+ 2j+ k).

Find I [7]

Solution

Let the initial velocity be
u = i+ 3j− k

Since the mass is 1 kg, the initial kinetic energy is

1

2
|u|2

Now

|u|2 = 12 + 32 + (−1)2

= 1 + 9 + 1

= 11

So the initial kinetic energy is
1

2
× 11 =

11

2
J

The kinetic energy increases by 6.5 J =
13

2
J, so the final kinetic energy is

11

2
+

13

2
=

24

2
= 12 J

If v is the final velocity, then
1

2
|v|2 = 12

so
|v|2 = 24

We are told the particle then moves in the direction (i+ 2j+ k), so

v = λ(i+ 2j+ k)

for some positive scalar λ.
Hence

|v|2 = λ2(12 + 22 + 12)

= λ2(6)

But |v|2 = 24, so

6λ2 = 24

λ2 = 4

Since the motion is in the direction (1, 2, 1), we take λ = 2.
Therefore

v = 2(i+ 2j+ k) = 2i+ 4j+ 2k

Impulse equals change in momentum:
I = m(v − u)

and since m = 1,
I = v − u

So

I = (2i+ 4j+ 2k)− (i+ 3j− k)

= i+ j+ 3k

Hence the impulse is
I = i+ j+ 3k Ns
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8. A particle of mass 0.8 kg is moving with speed 5m s−1 in the direction of the vector 3i+ 4j. It is then
acted on by a constant force of (8i− 6j)N for 0.4 s.

(a) Find the speed of the particle at the end of the 0.4 s interval [5]

(b) Find the size of the angle between the direction of motion of the particle before the force acts and
the direction of motion of the particle at the end of the 0.4 s interval [3]

Solution

(a) The given direction vector is 3i+ 4j, whose magnitude is√
32 + 42 = 5

So the initial velocity is

u = 5

(
3i+ 4j

5

)
= 3i+ 4j

Using F = ma, the acceleration is

a =
8i− 6j

0.8
= 10i− 7.5j

Since the force acts for 0.4 s, the change in velocity is

at = (10i− 7.5j)(0.4) = 4i− 3j

Hence the final velocity is

v = u+ at

= (3i+ 4j) + (4i− 3j)

= 7i+ j

Therefore the final speed is

|v| =
√
72 + 12 =

√
50 = 5

√
2

So the speed at the end of the interval is 5
√
2 m s−1 ≈ 7.07 m s−1.

(b) The angle between the two directions of motion is the angle between the initial and final velocity
vectors.

Initial velocity:
u = 3i+ 4j

Final velocity:
v = 7i+ j

Using the scalar product formula,

cos θ =
u · v
|u||v|

Now

u · v = (3)(7) + (4)(1)

= 25

Also,
|u| = 5, |v| =

√
50 = 5

√
2

So

cos θ =
25

5 · 5
√
2

=
1√
2

Hence
θ = 45◦
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