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Instructions

Unless a question states otherwise, take g = 9.8m s−2 wherever a numerical value of g is required.
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A

2m

B

3m

u(4i− 2j)

u(−i− 3j)

1. Two uniform smooth spheres A and B, of equal radius and masses 2m and 3m respectively, collide on
a smooth horizontal surface. The unit vector i points along the line of centres from A towards B at
impact, and j is perpendicular to i in the plane of the surface, as indicated by the velocity directions in
the diagram above.

Immediately before the collision, their velocities are

uA = u(4i− 2j), uB = u(−i− 3j)

where u > 0. Immediately after the collision, the direction of motion of A is perpendicular to its direction
of motion immediately before the collision.

(a) Find the velocity of A immediately after the collision, in terms of u. [3]

(b) Find the coefficient of restitution between the spheres and the percentage loss in their total kinetic
energy. Give the percentage to three significant figures. [4]

Solution

(a) The line of centres is along i, so the i- and j-components of each velocity are its components parallel
and perpendicular to the line of centres:

A : parallel 4u, perpendicular −2u

B : parallel −u, perpendicular −3u

The components before and after the collision, with the line of centres horizontal and the directions
after the collision predicted:

A

2m

B

3m

Before

A

2m

B

3m

After

4u

2u

u

3u

vA

2u

vB

3u

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular
component is unchanged: 2u for A and 3u for B, in the directions shown.
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Deflection of A. After the collision, let A move to the left along the line of centres with speed vA,
as in the diagram. The direction of motion of A turns through 90◦, so its velocities before and after
the collision are perpendicular. In (parallel, perpendicular) components:(

4u
−2u

)
·
(
−vA
−2u

)
= 0

−4uvA + 4u2 = 0

vA = u

So after the collision A moves with speed u along the line of centres, in the direction of −i, and 2u
perpendicular to it, in the direction of −j:

vA = u(−i− 2j)

(b) Parallel to the line of centres. From part (a), A moves to the left with speed vA = u. Let B move
to the right with speed vB, as in the diagram. Conservation of momentum, taking left to right as
positive:

2m(4u) + 3m(−u) = 2m(−u) + 3mvB

5mu = −2mu+ 3mvB

vB =
7u

3

Both speeds are positive, so the directions in the diagram are correct.

Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vA + vB
4u+ u

=
u+ 7u

3

5u
=

2

3

Kinetic energy. The square of each speed is the sum of the squares of its parallel and perpendicular
components, so the total kinetic energies before and after the collision are

KEbefore =
1

2
(2m)

(
(4u)2 + (2u)2

)
+

1

2
(3m)

(
u2 + (3u)2

)
= 35mu2

KEafter =
1

2
(2m)

(
u2 + (2u)2

)
+

1

2
(3m)

((
7u

3

)2

+ (3u)2

)

=
80

3
mu2

Hence the percentage loss is

35mu2 − 80
3 mu2

35mu2
× 100% =

500

21
% ≈ 23.8% (3 significant figures)
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5m s−1

2
√
2m s−1

α 45◦

A B

2 kg 4 kg

2. Two smooth uniform spheres A and B, of equal radius and masses 2 kg and 4 kg respectively, collide on a
smooth horizontal surface. The diagram above shows a plan view at the instant of contact.

Immediately before the collision, sphere A has speed 5m s−1 and its velocity makes an acute angle α with

the line of centres, where tanα =
3

4
. Sphere B has speed 2

√
2m s−1 and its velocity makes an angle of

45◦ with the line of centres. Their velocity components along the line of centres are directed towards each
other, and their perpendicular components are directed towards the same side of this line, as shown in
the diagram above.

Immediately after the collision, the velocities of the two spheres are perpendicular.

Determine the coefficient of restitution between the spheres and the magnitude of the impulse exerted on
A during the collision. Give both answers in exact form. [8]

Solution

Since α is acute and tanα = 3
4 , cosα = 4

5 and sinα = 3
5 . Resolving each velocity parallel and perpendicular

to the line of centres, in m s−1:

A : parallel 5 cosα = 4, perpendicular 5 sinα = 3

B : parallel 2
√
2 cos 45◦ = 2, perpendicular 2

√
2 sin 45◦ = 2

The components before and after the collision, with the line of centres horizontal and the directions after
the collision predicted:

A

2 kg

B

4 kg

Before

A

2 kg

B

4 kg

After

4

3

2

2

vA

3

vB

2

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular
component is unchanged: 3m s−1 for A and 2m s−1 for B.

Parallel to the line of centres. After the collision, let A move to the left with speed vA and B move to
the right with speed vB , as in the diagram. Conservation of momentum, taking left to right as positive:

2(4) + 4(−2) = 2(−vA) + 4vB

vA = 2vB

https://danieljsmith.org/?utm_source=pdf&utm_campaign=further-maths&utm_content=solutions


Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vA + vB
4 + 2

so vA + vB = 6e. Solving with vA = 2vB gives vB = 2e and vA = 4e.

Velocities perpendicular. Writing each velocity after the collision as (parallel, perpendicular) components,
their scalar product is zero: (

−4e
3

)
·
(
2e
2

)
= 0

−8e2 + 6 = 0

e2 =
3

4

Since e ≥ 0,

e =

√
3

2

Then vA = 2
√
3 and vB =

√
3. Both are positive, so the directions in the diagram are correct.

Impulse on A. The impulse acts along the line of centres, so it equals A’s change of momentum in that
direction. Taking right to left as positive, the direction in which A is pushed:

I = 2
(
vA − (−4)

)
= 2
(
2
√
3 + 4

)
=
(
8 + 4

√
3
)
Ns
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A

3 kg

B

1 kg

(4i+ 3j)m s−1

(−3i− 2j)m s−1

3. Two smooth uniform spheres A and B, of equal radius and masses 3 kg and 1 kg respectively, collide
obliquely on a smooth horizontal surface.

At the instant of impact, the unit vector i points from the centre of A towards the centre of B, and j is
perpendicular to i in the horizontal surface, as indicated by the velocity directions in the diagram above.
Immediately before impact, their velocities are

uA = (4i+ 3j)m s−1, uB = (−3i− 2j)m s−1

Immediately after impact, the velocities of the two spheres are perpendicular to each other.

(a) Find the two possible values of the coefficient of restitution between the spheres. [8]

(b) For each value found in part (a), calculate the total loss of kinetic energy in the collision, clearly
identifying which loss corresponds to which coefficient of restitution. [6]

Solution

(a) The line of centres is along i, so the i- and j-components of each velocity are its components parallel
and perpendicular to the line of centres, in m s−1:

A : parallel 4, perpendicular 3

B : parallel −3, perpendicular −2

The components before and after the collision, with the line of centres horizontal and the directions
after the collision predicted:

A

3 kg

B

1 kg

Before

A

3 kg

B

1 kg

After

4

3

3

2

vA

3

vB

2

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular
component is unchanged: 3m s−1 for A and 2m s−1 for B, in the directions shown.

Parallel to the line of centres. After the collision, let A move to the right with speed vA and B
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move to the right with speed vB , as in the diagram. Conservation of momentum, taking left to right
as positive:

3(4) + 1(−3) = 3vA + vB

9 = 3vA + vB

Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vB − vA
4 + 3

so vB − vA = 7e. Subtracting this from the momentum equation gives 4vA = 9− 7e, so

vA =
9− 7e

4
, vB = vA + 7e =

9 + 21e

4

Velocities perpendicular. Writing each velocity after the collision as (parallel, perpendicular)
components, their scalar product is zero: (

vA
3

)
·
(
vB
−2

)
= 0

vAvB − 6 = 0

(9− 7e)(9 + 21e)

16
= 6

81 + 126e− 147e2 = 96

49e2 − 42e+ 5 = 0

so

e =
1

7
or e =

5

7

Both values lie between 0 and 1. When e = 1
7 , vA = 2 and vB = 3; when e = 5

7 , vA = 1 and vB = 6.
In each case both are positive, so the directions in the diagram are correct.

(b) The square of each sphere’s speed is the sum of the squares of its parallel and perpendicular components.
Before the collision:

kinetic energy =
1

2
(3)(42 + 32) +

1

2
(1)(32 + 22) = 44 J

For e = 1
7 , part (a) gives vA = 2 and vB = 3, and the perpendicular components are unchanged, so

after the collision:

kinetic energy =
1

2
(3)(22 + 32) +

1

2
(1)(32 + 22) = 26 J

loss of kinetic energy = 44− 26 = 18 J

For e = 5
7 , part (a) gives vA = 1 and vB = 6, so after the collision:

kinetic energy =
1

2
(3)(12 + 32) +

1

2
(1)(62 + 22) = 35 J

loss of kinetic energy = 44− 35 = 9 J
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u(4i+ 2j)

u(−2i− 2j)
i

j

A B

2m m

4. Two smooth uniform spheres A and B of equal radius have masses 2m and m respectively. They collide
obliquely on a smooth horizontal surface. The unit vector i is directed along the line of centres from A
towards B at impact, and j is perpendicular to i in the horizontal surface.

Immediately before the collision, the velocities of A and B are u(4i+ 2j) and u(−2i− 2j) respectively,
where u > 0. The coefficient of restitution between the spheres is e, where 0 ≤ e ≤ 1.

(a) Find the velocity of each sphere immediately after the collision in terms of u and e. [5]

(b) The velocities of the spheres immediately after the collision are perpendicular. Find the two possible
values of e and, for each value, calculate the total kinetic energy lost in the collision in terms of m
and u. [6]

Solution

(a) The line of centres is along i, so the i- and j-components of each velocity are its components parallel
and perpendicular to the line of centres:

A : parallel 4u, perpendicular 2u

B : parallel −2u, perpendicular −2u

The components before and after the collision, with the line of centres horizontal and the directions
after the collision predicted:

A

2m

B

m

Before

A

2m

B

m

After

4u

2u

2u

2u

vA

2u

vB

2u

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular
component is unchanged: 2u for A and 2u for B, in the directions shown.

Parallel to the line of centres. After the collision, let A move to the right with speed vA and B
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move to the right with speed vB , as in the diagram. Conservation of momentum, taking left to right
(the direction of i) as positive:

2m(4u) +m(−2u) = 2mvA +mvB

2vA + vB = 6u

Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vB − vA
4u+ 2u

so vB − vA = 6eu. Subtracting this from the momentum equation gives 3vA = 6u(1 − e). Hence
vA = 2u(1− e) and vB = vA + 6eu = 2u(1 + 2e).

With A’s perpendicular component in the direction of j and B’s in the direction of −j, the velocities
after the collision are:

vA = vAi+ 2uj = 2u(1− e)i+ 2uj

vB = vBi− 2uj = 2u(1 + 2e)i− 2uj

(b) Velocities perpendicular. Writing each velocity after the collision from part (a) as (parallel,
perpendicular) components, their scalar product is zero:(

2u(1− e)
2u

)
·
(
2u(1 + 2e)

−2u

)
= 0

4u2(1− e)(1 + 2e)− 4u2 = 0

(1− e)(1 + 2e) = 1

1 + e− 2e2 = 1

e(1− 2e) = 0

e = 0 or e =
1

2

When e = 0, vA = vB = 2u, and when e = 1
2 , vA = u and vB = 4u. In each case both are positive, so

the directions in the diagram are correct.

Kinetic energy. The square of each sphere’s speed is the sum of the squares of its parallel and
perpendicular components. Before the collision:

Kbefore =
1

2
(2m)

(
(4u)2 + (2u)2

)
+

1

2
m
(
(2u)2 + (2u)2

)
= 24mu2

When e = 0:

Kafter =
1

2
(2m)

(
(2u)2 + (2u)2

)
+

1

2
m
(
(2u)2 + (2u)2

)
= 12mu2

Kinetic energy lost = 24mu2 − 12mu2 = 12mu2



When e = 1
2 :

Kafter =
1

2
(2m)

(
u2 + (2u)2

)
+

1

2
m
(
(4u)2 + (2u)2

)
= 15mu2

Kinetic energy lost = 24mu2 − 15mu2 = 9mu2
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A B

mA kg mB kg

10m s−1

6
√
2m s−1

α
π
4

5. Two smooth uniform spheres A and B, of equal radius and masses mA kg and mB kg respectively, collide
on a smooth horizontal surface. The diagram above shows their velocities immediately before impact,
viewed from above.

Immediately before the collision, A has speed 10m s−1 and moves downwards and to the right at an acute

angle α to the line of centres, where tanα =
3

4
. Sphere B has speed 6

√
2m s−1 and moves upwards and

to the left at an angle
π

4
to the line of centres.

Immediately after the collision, B moves upwards and to the right at an acute angle β to the rightward
line of centres, where tanβ = 2. The coefficient of restitution between the spheres is e, where 0 ≤ e ≤ 1.

(a) Find the complete interval of possible values of
mB

mA
. State which endpoint corresponds to a perfectly

elastic collision. [7]

(b) Given that mA = 3 and mB = 4, find the total loss of kinetic energy in the collision. [4]

Solution

(a) Since α is acute and tanα = 3
4 , cosα = 4

5 and sinα = 3
5 . Resolving each velocity parallel and

perpendicular to the line of centres, in m s−1:

A : parallel 10 cosα = 8, perpendicular 10 sinα = 6

B : parallel 6
√
2 cos

π

4
= 6, perpendicular 6

√
2 sin

π

4
= 6

The components before and after the collision, with the line of centres horizontal and the directions
after the collision predicted:

A

mA kg

B

mB kg

Before

A

mA kg

B

mB kg

After

8

6

6

6

vA

6

vB

6

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
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to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular
component is unchanged: 6m s−1 for A and 6m s−1 for B, in the directions shown.

Parallel to the line of centres. After the collision, let A move to the left with speed vA and B
move to the right with speed vB , as in the diagram. Conservation of momentum, taking left to right
as positive:

8mA − 6mB = −mAvA +mBvB

Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vA + vB
8 + 6

Motion of B after the collision. The perpendicular component of B is still 6m s−1 upwards, and
B moves at an angle β to the rightward line of centres, so

tanβ =
6

vB
= 2

vB = 3

Newton’s law of restitution then gives vA + 3 = 14e, so vA = 14e− 3. This is negative when e < 3
14 :

A then in fact moves to the right, with speed 3 − 14e, and the equations above still hold with vA
negative. Substituting into the momentum equation:

8mA − 6mB = −mA(14e− 3) + 3mB

(5 + 14e)mA = 9mB

mB

mA
=

5 + 14e

9

Range of mB

mA
. Since 0 ≤ e ≤ 1, and 5+14e

9 increases continuously with e, from 5
9 at e = 0 to 19

9 at
e = 1, the complete interval is

mB

mA
∈
[
5

9
,
19

9

]

The upper endpoint 19
9 corresponds to e = 1, a perfectly elastic collision.

(b) Substituting mA = 3 and mB = 4 into the relation from part (a):

4

3
=

5 + 14e

9

12 = 5 + 14e

e =
1

2

Then vA = 14
(
1
2

)
− 3 = 4 and vB = 3. Both are positive, so the directions in the diagram are correct.

Kinetic energy. The perpendicular components are unchanged, so only the parallel components
contribute to the loss of kinetic energy:

Loss of kinetic energy =
1

2
(3)
(
82 − 42

)
+

1

2
(4)
(
62 − 32

)
= 72 + 54

= 126 J
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6. In this question, i and j are perpendicular unit vectors in a horizontal plane.

Two smooth uniform spheres P and Q, of equal radius, have masses 0.4 kg and 0.5 kg respectively. They
move on a smooth horizontal surface and collide obliquely.

Immediately before the collision, their velocities are

uP = (0.8i+ 4.4j)m s−1, uQ = (1.2i− 3.4j)m s−1

At the instant of collision, the vector from the centre of P to the centre of Q is parallel to 3i+ 4j.

The coefficient of restitution between the spheres is e. The collision deflects the direction of motion of P
through 90◦.

(a) Find e. [8]

(b) Find the velocity of Q immediately after the collision. Hence find the angle through which its
direction of motion is deflected, giving your answer to the nearest 0.1◦. [6]

(c) State how you have used the fact that the spheres have equal radii. [1]

Solution

(a) The line of centres is parallel to 3i+ 4j, so 1
5 (3i+ 4j) is a unit vector along it, from P towards Q, and

1
5 (−4i+ 3j) is a unit vector perpendicular to it. Taking the scalar product of each velocity with these
gives its components parallel and perpendicular to the line of centres, in m s−1:

P : parallel
0.8(3) + 4.4(4)

5
= 4, perpendicular

0.8(−4) + 4.4(3)

5
= 2

Q : parallel
1.2(3)− 3.4(4)

5
= −2, perpendicular

1.2(−4)− 3.4(3)

5
= −3

The components before and after the collision, with the line of centres horizontal (3i+ 4j to the right,
−4i+ 3j up) and the directions after the collision predicted:

P

0.4 kg

Q

0.5 kg

Before

P

0.4 kg

Q

0.5 kg

After

4

2

2

3

vP

2

vQ

3

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular
component is unchanged: 2m s−1 for P and 3m s−1 for Q, in the directions shown.

Parallel to the line of centres. After the collision, let P move to the left with speed vP and Q
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move to the right with speed vQ, as in the diagram. Conservation of momentum, taking left to right
(the direction of 3i+ 4j) as positive:

0.4(4) + 0.5(−2) = 0.4(−vP ) + 0.5vQ

0.6 = −0.4vP + 0.5vQ

Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vP + vQ
4 + 2

Deflection of P . The direction of motion of P turns through 90◦, so its velocities before and after
the collision are perpendicular. In (parallel, perpendicular) components:(

4
2

)
·
(
−vP
2

)
= 0

−4vP + 4 = 0

vP = 1

Substituting into the momentum equation, 0.6 = −0.4 + 0.5vQ, so vQ = 2. Both speeds are positive,
so the directions in the diagram are correct. Hence

e =
1 + 2

6
=

1

2

(b) From part (a), after the collision Q moves with speed 2m s−1 along the line of centres, in the direction
of 3i + 4j, and 3m s−1 perpendicular to it, in the direction of 4i − 3j. Using unit vectors in these
directions:

vQ =
2

5
(3i+ 4j) +

3

5
(4i− 3j)

= (3.6i− 0.2j)m s−1

The angle θ through which Q is deflected is the angle between uQ and vQ. Both have magnitude√
13, so

cos θ =
uQ · vQ

|uQ| |vQ|
=

1.2(3.6) + (−3.4)(−0.2)

13
=

5

13

θ ≈ 67.4◦

(c) Equal radii mean that the centres are at the same height above the surface. Thus the line of centres,
and hence the collision impulse, is horizontal.
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7. Two smooth uniform spheres P and Q have equal radii and masses 0.4 kg and 0.6 kg respectively. They
move on a smooth horizontal surface and collide obliquely.

Immediately before the collision, their velocities are

uP = (6i+ 2j)m s−1, uQ = (−2i+ 2j)m s−1

where i and j are perpendicular horizontal unit vectors.

At the instant of impact, the vector from the centre of P to the centre of Q is a positive multiple of i+ j.
The total kinetic energy of the two spheres decreases by 2.88 J during the collision.

(a) Find

(i) the velocity of P immediately after the collision,

(ii) the velocity of Q immediately after the collision,

(iii) the coefficient of restitution between the spheres.

Justify your answers, explaining which velocity components are unchanged by the collision. [12]

(b) Find the angle through which the direction of motion of P is deflected by the collision. Give your
answer in degrees to one decimal place. [3]

Solution

(a) (i) The line of centres is parallel to i+ j, so 1√
2
(i+ j) is a unit vector along it, from P towards Q,

and 1√
2
(−i+ j) is a unit vector perpendicular to it. Taking the scalar product of each velocity

with these gives its components parallel and perpendicular to the line of centres, in m s−1:

P : parallel
6 + 2√

2
= 4

√
2, perpendicular

−6 + 2√
2

= −2
√
2

Q : parallel
−2 + 2√

2
= 0, perpendicular

2 + 2√
2

= 2
√
2

The components before and after the collision, with the line of centres horizontal (i+ j to the
right, −i+ j up) and the directions after the collision predicted:

P

0.4 kg

Q

0.6 kg

Before

P

0.4 kg

Q

0.6 kg

After

4
√
2

2
√
2

2
√
2

vP

2
√
2

vQ

2
√
2

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse
perpendicular to the line of centres. The momentum of each sphere in this direction is conserved,
so its perpendicular component is unchanged: 2

√
2m s−1 for each of P and Q, in the directions

shown.

Parallel to the line of centres. After the collision, let P move to the right with speed vP and
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Q move to the right with speed vQ, as in the diagram. Conservation of momentum, taking left
to right (the direction of i+ j) as positive:

0.4
(
4
√
2
)
+ 0.6(0) = 0.4vP + 0.6vQ

8
√
2 = 2vP + 3vQ

Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vQ − vP

4
√
2

so vQ = vP + 4
√
2 e. Substituting into the momentum equation:

8
√
2 = 2vP + 3

(
vP + 4

√
2 e
)

5vP = 8
√
2− 12

√
2 e

vP =
4
√
2

5
(2− 3e)

and then vQ = vP + 4
√
2 e = 8

√
2

5 (1 + e).

Kinetic energy. The perpendicular components are unchanged, so the kinetic energy lost,
2.88 J, comes from the parallel components alone:

1

2
(0.4)

(
4
√
2
)2 − 1

2
(0.4)v2P − 1

2
(0.6)v2Q = 2.88

6.4− 0.2v2P − 0.3v2Q = 2.88

2v2P + 3v2Q = 35.2

64

25
(2− 3e)2 +

384

25
(1 + e)2 = 35.2

(2− 3e)2 + 6(1 + e)2 =
55

4

15e2 + 10 =
55

4

e2 =
1

4

Since e ≥ 0, e = 1
2 , so vP = 2

√
2

5 and vQ = 12
√
2

5 . Both are positive, so the directions in the
diagram are correct.

After the collision, P moves with speed 2
√
2

5 ms−1 along the line of centres, in the direction of

i+ j, and 2
√
2m s−1 perpendicular to it, in the direction of i− j. Using unit vectors in these

directions:

vP =
2
√
2

5
· 1√

2
(i+ j) + 2

√
2 · 1√

2
(i− j)

=
2

5
(i+ j) + 2(i− j)

= (2.4i− 1.6j)m s−1

(ii) From part (a)(i), after the collision Q moves with speed 12
√
2

5 ms−1 along the line of centres, in



the direction of i+ j, and 2
√
2m s−1 perpendicular to it, in the direction of −i+ j. Using unit

vectors in these directions:

vQ =
12

√
2

5
· 1√

2
(i+ j) + 2

√
2 · 1√

2
(−i+ j)

=
12

5
(i+ j) + 2(−i+ j)

= (0.4i+ 4.4j)m s−1

(iii) From the loss of kinetic energy in part (a)(i):

e =
1

2

(b) The angle θ through which P is deflected is the angle between uP and vP :

cos θ =
uP · vP

|uP | |vP |

=
6(2.4) + 2(−1.6)√

62 + 22
√
2.42 + (−1.6)2

=
7√
130

θ ≈ 52.1◦
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√
3U

U

√
3r

5r
A

B

8. Two uniform smooth spheres, A and B, have equal radius r and masses 2m and 3m respectively. They
collide while moving freely above a horizontal plane. The diagram above shows the spheres at the instant
of impact, with their centres and velocities in the same vertical plane.

At impact, the centres of A and B are at heights 4r and 5r respectively above the horizontal plane, and
their horizontal separation is

√
3r. Immediately before impact, A has velocity

√
3U horizontally to the

right and B has velocity U vertically downwards, where U > 0.

(a) Show that the line of centres makes an angle of 30◦ with the horizontal, and that the speed of
approach along this line is 2U . [2]

The coefficient of restitution between the spheres is
2

3
. After the collision, B moves freely under gravity

and does not collide with A again. Air resistance is negligible and the acceleration due to gravity is g.

(b) Find, in terms of U , r and g, the exact time from the collision until B first touches the horizontal
plane. [7]

Solution

(a) The centres are 5r − 4r = r apart vertically and
√
3r apart horizontally, so the angle θ between the

line of centres and the horizontal satisfies

tan θ =
r√
3r

=
1√
3

⇒ θ = 30◦

Resolving each velocity parallel and perpendicular to the line of centres:

A : parallel
√
3U cos 30◦ =

3U

2
, perpendicular

√
3U sin 30◦ =

√
3U

2

B : parallel U sin 30◦ =
U

2
, perpendicular U cos 30◦ =

√
3U

2

Along the line of centres, A moves towards B and B moves towards A, so the speed of approach is

3U

2
+

U

2
= 2U

(b) The components before and after the collision, with the line of centres horizontal (the direction from
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A to B is drawn to the right, and the perpendicular direction that points upwards and to the left is
drawn up) and the directions after the collision predicted:

A

2m

B

3m

Before

A

2m

B

3m

After

3U

2

√
3U

2

U

2

√
3U

2

vA

√
3U

2

vB

√
3U

2

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular

component is unchanged:
√
3U
2 for both A and B, in the directions shown.

Parallel to the line of centres. After the collision, let A move to the left with speed vA and B
move to the right with speed vB , as in the diagram. Conservation of momentum, taking left to right
(from A towards B) as positive:

2m

(
3U

2

)
+ 3m

(
−U

2

)
= 2m(−vA) + 3mvB

3U

2
= −2vA + 3vB

Newton’s law of restitution, with the speed of approach 2U from part (a):

e =
speed of separation

speed of approach
=

vA + vB
2U

so vA + vB = 2
3 (2U) = 4U

3 . Solving with the momentum equation gives vB = 5U
6 and vA = U

2 . Both
are positive, so the directions in the diagram are correct.

Hence, immediately after the collision, B has speed 5U
6 along the line of centres, at 30◦ above the

horizontal, and
√
3U
2 perpendicular to it, at 60◦ below the horizontal, both towards the right. Taking

right and up as positive, its horizontal and vertical components are:

horizontal:
5U

6
cos 30◦ +

√
3U

2
cos 60◦ =

2
√
3U

3

vertical:
5U

6
sin 30◦ −

√
3U

2
sin 60◦ = −U

3

Motion of B after the collision. B moves freely under gravity, starting with its centre at height 5r
and moving downwards with vertical speed U

3 . It first touches the plane when its centre is at height
r, having fallen 4r. Let t be the time from the collision until then. Taking downwards as positive,
s = ut+ 1

2at
2 vertically gives:

4r =
U

3
t+

1

2
gt2

3gt2 + 2Ut− 24r = 0

t =
−2U ±

√
4U2 + 288gr

6g

=
−U ±

√
U2 + 72gr

3g



Only the positive root gives a time after the collision, so

t =

√
U2 + 72gr − U

3g



Solutions - Oblique Collisions of Smooth Spheres danieljsmith.org

9. In this question, i and j are unit vectors due east and due north respectively.

Two smooth uniform spheres P and Q, each of radius 2.5m, move on a smooth horizontal surface. Their
masses are 3 kg and 2 kg respectively. At time t = 0, the centre of Q is 7m east and 26m north of the
centre of P . Their velocities are

uP = (2i+ 6j)m s−1, uQ = −5jms−1

(a) Show that the spheres will collide and determine the time at which they first make contact. [5]

Immediately after the collision, the speed of Q is 3
√
5m s−1.

(b) Determine the coefficient of restitution between the spheres and hence find the velocity of P immedi-
ately after the collision. [9]

(c) Find, in vector form, the impulse required to bring P to rest after the collision. Calculate the angle
this impulse makes with the eastward direction, stating whether it acts north or south of east. [4]

Solution

(a) Before any collision, at time t, the displacement from the centre of P to the centre of Q is

−−→
PQ = 7i+ 26j+ t(uQ − uP )

= (7− 2t)i+ (26− 11t)j

The spheres make contact when their centres are 2.5 + 2.5 = 5m apart. Hence

(7− 2t)2 + (26− 11t)2 = 25

49− 28t+ 4t2 + 676− 572t+ 121t2 = 25

125t2 − 600t+ 700 = 0

5t2 − 24t+ 28 = 0

(t− 2)(5t− 14) = 0

t = 2 or t =
14

5

The equation has real solutions, so the spheres collide. Initially the centres are
√
725m apart, more

than 5m, so the smaller solution gives the first contact, at

t = 2 s

(b) At contact, when t = 2, the displacement from the centre of P to the centre of Q is

−−→
PQ = (7− 4)i+ (26− 22)j = 3i+ 4j

The line of centres is therefore parallel to 3i + 4j, so 1
5 (3i + 4j) is a unit vector along it, from P
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towards Q, and 1
5 (−4i+ 3j) is a unit vector perpendicular to it. Taking the scalar product of each

velocity with these gives its components parallel and perpendicular to the line of centres, in m s−1:

P : parallel
2(3) + 6(4)

5
= 6, perpendicular

2(−4) + 6(3)

5
= 2

Q : parallel
0(3)− 5(4)

5
= −4, perpendicular

0(−4)− 5(3)

5
= −3

The components before and after the collision, with the line of centres horizontal (3i+ 4j to the right,
−4i+ 3j up) and the directions after the collision predicted:

P

3 kg

Q

2 kg

Before

P

3 kg

Q

2 kg

After

6

2

4

3

vP

2

vQ

3

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse perpendicular
to the line of centres. The momentum of each sphere in this direction is conserved, so its perpendicular
component is unchanged: 2m s−1 for P and 3m s−1 for Q, in the directions shown.

Parallel to the line of centres. After the collision, let P move to the right with speed vP and Q
move to the right with speed vQ, as in the diagram. Conservation of momentum, taking left to right
(the direction of 3i+ 4j) as positive:

3(6) + 2(−4) = 3vP + 2vQ

10 = 3vP + 2vQ

Newton’s law of restitution:

e =
speed of separation

speed of approach
=

vQ − vP
6 + 4

so vP = vQ − 10e. Substituting into the momentum equation:

10 = 3(vQ − 10e) + 2vQ

5vQ = 10 + 30e

vQ = 2 + 6e

Speed of Q. Since e ≥ 0, vQ = 2+ 6e is positive, so Q does move to the right. Immediately after the
collision, Q has speed 3

√
5m s−1 and perpendicular component 3m s−1, so

v2Q + 32 =
(
3
√
5
)2

v2Q = 36

vQ = 6

Then 2 + 6e = 6, so

e =
2

3



Hence, from the restitution equation, vP = 6− 10
(
2
3

)
= − 2

3 . vP < 0, so P in fact moves to the left,
with speed 2

3 ms−1.

Velocity of P . After the collision, P moves with speed 2
3 ms−1 along the line of centres, in the

direction of −3i− 4j, and 2m s−1 perpendicular to it, in the direction of −4i+ 3j. Using unit vectors
in these directions:

vP =
2

15
(−3i− 4j) +

2

5
(−4i+ 3j)

=

(
−2

5
− 8

5

)
i+

(
− 8

15
+

6

5

)
j

=

(
−2i+

2

3
j

)
ms−1

(c) The required impulse is the change in momentum of P :

J = 3(0− vP )

= 3

(
2i− 2

3
j

)
= (6i− 2j)N s

The impulse has a positive eastward component and a negative northward component. If θ is its acute
angle with the eastward direction, then

tan θ =
2

6
=

1

3

θ = arctan

(
1

3

)
≈ 18.4◦ south of east
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10. Two small uniform smooth spheres A and B have equal radii and masses m and λm respectively, where
λ > 0. They move on a smooth horizontal surface. The unit vectors i and j are perpendicular and lie in
the surface.

Immediately before an oblique collision, the velocities of A and B are u(4i+ j) and u(−i+2j) respectively,
where u > 0. At impact, the line of centres is parallel to i+ j, with B lying in the direction i+ j from A.

The coefficient of restitution between the spheres is e, where 0 ≤ e ≤ 1.

(a) (i) Explain why the impulse exerted by A on B is parallel to i+ j. [1]

(ii) Determine the velocity of each sphere immediately after the collision in terms of u, λ and e,
giving your answers in terms of i and j. [7]

The loss of kinetic energy in the collision is mu2. Immediately after the collision, the component of the
velocity of A in the direction i+ j is negative.

(b) Determine the range of possible values of λ consistent with both of these conditions. [7]

Solution

(a) (i) The spheres are smooth, so there is no impulse perpendicular to the line of centres. The impulse
therefore acts along the line of centres, which is parallel to i+ j.

(ii) The line of centres is parallel to i+ j, so 1√
2
(i+ j) is a unit vector along it, from A towards B,

and 1√
2
(−i+ j) is a unit vector perpendicular to it. Taking the scalar product of each velocity

with these gives its components parallel and perpendicular to the line of centres:

A : parallel
4u+ u√

2
=

5u√
2
, perpendicular

−4u+ u√
2

= − 3u√
2

B : parallel
−u+ 2u√

2
=

u√
2
, perpendicular

u+ 2u√
2

=
3u√
2

The components before and after the collision, with the line of centres horizontal (i+ j to the
right, −i+ j up) and the directions after the collision predicted:

A
m

B

λm

Before

A
m

B

λm

After

5u√
2

3u√
2

u√
2

3u√
2

vA

3u√
2

vB

3u√
2

Perpendicular to the line of centres. The spheres are smooth, so there is no impulse
perpendicular to the line of centres. The momentum of each sphere in this direction is conserved,
so its perpendicular component is unchanged: 3u√

2
for both A and B, in the directions shown.

Parallel to the line of centres. After the collision, let A move to the left (the direction of

https://danieljsmith.org/?utm_source=pdf&utm_campaign=further-maths&utm_content=solutions


−(i+ j)) with speed vA and B move to the right with speed vB , as in the diagram. Conservation
of momentum, taking left to right (the direction of i+ j) as positive:

m

(
5u√
2

)
+ λm

(
u√
2

)
= m(−vA) + λmvB

−vA + λvB =
(5 + λ)u√

2

Newton’s law of restitution, with speed of approach 5u√
2
− u√

2
= 2

√
2u:

e =
speed of separation

speed of approach
=

vA + vB

2
√
2u

so vB = 2
√
2 eu− vA. Substituting into the momentum equation:

−vA + λ
(
2
√
2 eu− vA

)
=

(5 + λ)u√
2

(1 + λ)vA = 2
√
2λeu− (5 + λ)u√

2

=
u(4λe− λ− 5)√

2

vA =
u(4λe− λ− 5)√

2(1 + λ)

and then

vB =
4eu(1 + λ)− u(4λe− λ− 5)√

2(1 + λ)

=
u(5 + λ+ 4e)√

2(1 + λ)

Since 5 + λ+ 4e > 0, vB is positive, so B moves to the right, as in the diagram. The sign of vA
depends on λ and e, and the vector form below holds either way.

After the collision, A’s velocity has component vA in the direction of −(i + j) and 3u√
2
in the

direction of i− j, and B’s has vB in the direction of i+ j and 3u√
2
in the direction of −i+ j. Using

unit vectors in these directions:

vA = − vA√
2
(i+ j) +

3u

2
(i− j)

=
u

2(1 + λ)

[
−(4λe− λ− 5)(i+ j) + 3(1 + λ)(i− j)

]
=

u

1 + λ

[
(4 + 2λ− 2λe)i+ (1− λ− 2λe)j

]
vB =

vB√
2
(i+ j) +

3u

2
(−i+ j)

=
u

2(1 + λ)

[
(5 + λ+ 4e)(i+ j) + 3(1 + λ)(−i+ j)

]
=

u

1 + λ

[
(1− λ+ 2e)i+ (4 + 2λ+ 2e)j

]



(b) Kinetic energy. The perpendicular components are unchanged, so the loss of kinetic energy comes
from the parallel components only:

loss of KE =
1

2
m

(
5u√
2

)2

+
1

2
λm

(
u√
2

)2

− 1

2
mv2A − 1

2
λmv2B

=
mu2

4
(25 + λ)− m

2

(
v2A + λv2B

)
Using vA and vB from part (a)(ii) and expanding the squares, the terms in 8λe(5 + λ) cancel:

v2A + λv2B =
u2

2(1 + λ)2
[
(4λe− λ− 5)2 + λ(5 + λ+ 4e)2

]
=

u2

2(1 + λ)2
[
(1 + λ)(5 + λ)2 + 16λ(1 + λ)e2

]
=

u2

2(1 + λ)

[
(5 + λ)2 + 16λe2

]
Hence

loss of KE =
mu2

4
(25 + λ)− mu2

4(1 + λ)

[
(5 + λ)2 + 16λe2

]
=

mu2

4(1 + λ)

[
(25 + λ)(1 + λ)− (5 + λ)2 − 16λe2

]
=

mu2

4(1 + λ)

(
16λ− 16λe2

)
=

4λmu2(1− e2)

1 + λ

Setting this equal to mu2:

4λ(1− e2) = 1 + λ

e2 =
3λ− 1

4λ

Since λ > 0, e2 ≥ 0 requires λ ≥ 1
3 , and e2 < 1 always holds, as 3λ− 1 < 4λ.

Motion of A after the collision. The component of A’s velocity in the direction i+ j is −vA, so
vA > 0: A moves to the left, as in the diagram. Since u > 0 and 1 + λ > 0, this gives

4λe− λ− 5 > 0

e >
λ+ 5

4λ

Both sides are positive, so squaring and substituting for e2 from the kinetic energy condition:

3λ− 1

4λ
>

(λ+ 5)2

16λ2

4λ(3λ− 1) > (λ+ 5)2

11λ2 − 14λ− 25 > 0

(λ+ 1)(11λ− 25) > 0



Since λ+ 1 > 0 and 25
11 > 1

3 , the range consistent with both conditions is

λ >
25
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