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1. A particle A of mass 2m and a particle B of mass 3m are moving along the same straight line on a
smooth horizontal surface. The particles are moving in opposite directions towards each other when they
collide directly.

Immediately before the collision, the speed of A is 4u and the speed of B is ku.
Immediately after the collision, A rebounds with speed v and the speed of B is v.

The magnitude of the impulse received by A in the collision is 12mu.

(a) Find v in terms of u only.

(b) Find the two possible values of k.

[3]
[5]

(a)

(b)

Take the positive direction to be the initial direction of motion of A.

Then, immediately before collision,
us = 4u

and since A rebounds, immediately after collision,
'y = —v
The impulse on A is equal to the change in momentum of A, so
impulse on A = 2m(—v) — 2m(4u)
= —2m(v + 4u)
Its magnitude is 12mu, so

2m(v + 4u) = 12mu

v+ 4du = 6u
v =2u
Hence,
v =2u

Using the same positive direction, the momentum before collision is

2m(4u) + 3m(—ku) = (8 — 3k)mu

From part (a), v = 2u.

After the collision, A has velocity —v, but B could move in either direction with speed v.

Case 1: B moves in the positive direction after collision

Then the momentum after collision is
2m(—v) + 3m(v) = mo

By conservation of momentum,

(8 — 3k)mu = mv

Substituting v = 2u,

(8 — 3k)mu = 2mu
8§ —3k=2
3k=6
k=2
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Case 2: B moves in the negative direction after collision

Then the momentum after collision is

2m(—v) + 3m(—v) = —5mo
By conservation of momentum,
(8 — 3k)mu = —bmv
Substituting v = 2u,

(8 = 3k)mu = —10mu

8§ —3k=-10
3k =18
k=6

Therefore the two possible values of k are

k=2 or k=6
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2ms~!

H
A B
1kg 3kg

2. The first diagram shows two spheres, A and B, of equal radii on a smooth horizontal surface. Their
masses are 1kg and 3 kg respectively.

Take motion from left to right in each diagram to be positive.

Initially, sphere A travels at speed 2ms~' towards B, which is at rest. The spheres collide and the
coefficient of restitution between A and B is e.

1
(a) Show that, after the collision, the velocity of A is 5(1 —3e)ms~!, and find an expression for the

velocity of B in terms of e. [4]

(b) During the collision, the kinetic energy of the system decreases by 48%. Determine the value of e.  [3]

(c¢) Explain why the assumption that A and B have equal radii was needed in part (a). [1]
ums! Ims_!
C D
2kg 5kg

The second diagram shows two spheres, C and D, of equal radii on a smooth horizontal surface. Their
masses are 2kg and 5 kg respectively.

Sphere C' is behind D and both move along the same straight line in the same direction, with C having
speed ums~! and D having speed 1ms~!, where u > 1.

10
The spheres collide and during the collision C' exerts an impulse on D of magnitude 7(u —1)Ns.
(d) Show that C and D have the same velocity after the collision. [4]

(e) Determine the fraction of kinetic energy lost due to the collision between C and D as u — oo. [3]

(a) Let the velocities of A and B after the collision be v4 and vp respectively, taking motion to the right
as positive.

Conservation of momentum gives
1(2) +3(0) = 1lva + 3vp

SO
2=vy4+3vp

Using the coefficient of restitution,
speed of separation = e X speed of approach

Hence
vp —vg =e(2—0)=2e

So
v = v + 2e
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Substituting into the momentum equation,

2=wv4+3(va+2e)

2 =4v4 4+ 6e
4vp =2 — 6e
1—3e
vaA = B

This shows that the velocity of A after the collision is

1
5(1 —3e)ms™!
Then
vB = v4 + 2e
1-3
=3 c + 2e
_1+e
2
So the velocity of B is
1+e 4
5 ms
(b) Initially only A is moving, so the initial kinetic energy is
1
L) =21

Since the kinetic energy decreases by 48%, the final kinetic energy is 52% of the initial value:

26
final KE =052 x 2 = —
na. 0.52 x 25J

From part (a), s ,
— oe +e

2 )

2 2
1/1-3e 1, (1+e
final KE = = =

1
= L1307+ %(1 o)

1 3
= §(1 — 6e 4 9¢%) + §(1+26—|—62)

vA

So

1
:§(1—66+962+3+6€+362)

Therefore

Solving,

Since 0 < e <1,
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(c) The equal radii mean that, at impact, the centres of the spheres are at the same height, so the line of
centres is horizontal.

Therefore the impulse acts along the line of motion, so the collision is a direct one-dimensional collision.
Without equal radii, the collision could be oblique.

(d) Let the impulse exerted by C on D be

le—;)(ufl)

Let the velocities after collision be vc and vp.
For sphere D, the impulse is to the right, so
J = change in momentum of D = 5vp — 5(1)

Hence

10
S5up — 5 = 7(u—1)

10
5vD:5+7(u—1)

2
2u—+5
7

For sphere C, the impulse on it is equal and opposite, so

2’(}0—2U: —J
Hence
1
2u — 2ug = 70(u7 1)
1
2uc = 2u — 70(u7 1)
vo =u— g(u -1
_ 2u+5
T
Therefore
2u+5
Vg = VUp = 7

So C and D have the same velocity after the collision.

(e) From part (d), the common velocity after the collision is

_ 2u+5b
T
The initial kinetic energy is
1 5
(92 12) = 2+ 2
520 + 5(5)(1%) = +

The final kinetic energy is

1 s T (2u+5\"

(2u + 5)?
14
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So the kinetic energy lost is

w4 5 (2u+5)* _ 14u® +35 — (4u® + 20u + 25)
2 14 14
~ 10u? — 20u + 10
N 14
~10(u —1)?
N 14
~ B(u—1)2
7

Therefore the fraction of kinetic energy lost is

DT gy - 1)2

u?+3  7(2u? +5)

Now let u — oo: )
10(u—1)2  10(1— 1) 10

22 +5)  T(2+%) 14 7

Hence the fraction of kinetic energy lost tends to

| Ot
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3. Two trolleys, A and B, are modelled as particles of masses 0.5 kg and 1.0 kg respectively, moving along
the same straight horizontal track.

Trolley A is travelling at 7ms~! and catches up with trolley B, which is travelling in the same direction

at 2ms~'. The trolleys collide directly.
After the collision, trolley B moves at 5ms~! in the original direction of motion.

The coeflicient of restitution between the trolleys is e.
(a) Assuming that the track is smooth, show that e = 0.8. [5]

(b) Describe one way in which the model could be refined. [1]

(a) Take the original direction of motion as positive, and let the velocity of trolley A after the collision be

vams L.

Since the track is smooth, there is no external horizontal force during the collision, so linear momentum
is conserved.

Total momentum before collision = Total momentum after collision
0.5(7) + 1.0(2) = 0.5v4 + 1.0(5)

So

3.5+2=0.5v4 +5

5.0 =0.5v4 +5
0.5 =0.5v4
va =1

The coefficient of restitution is .
_ speed of separation

~ speed of approach

Before the collision, the speed of approach is

7—-2=5
After the collision, the speed of separation is
5—-1=4
Hence 4
e= 5= 0.8

Therefore, e = 0.8.

(b) One refinement would be to include friction or other resistive forces, rather than assuming the track is
perfectly smooth.
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4. A particle P of mass 6kg is projected vertically upwards from the ground with initial speed 15.8 ms™!

At the same instant a particle Q of mass 3kg is projected vertically downwards with speed 4.2ms~! from

a point 20m above the ground.

During the subsequent motion P and @ collide. The coefficient of restitution between P and @ is 0.5

Determine the time between this collision and P subsequently hitting the ground.

[10]

Take upward as positive, and take ¢ seconds after projection.
Both particles move with constant acceleration

a=-98ms 2
For P, starting from the ground with initial velocity 15.8,
yp = 15.8t + 1(—9.8)t> = 15.8t — 4.9¢°
For @, starting 20 m above the ground with initial velocity —4.2,
Yo =20 — 4.2t + 3(—9.8)t> = 20 — 4.2t — 4.9¢>
At the collision, yp = yg, so

15.8¢t — 4.9¢% = 20 — 4.2t — 4.9¢2
15.8t = 20 — 4.2t
20t = 20
t=1
So they collide after 1 s.

The height of collision is
y=15.8(1) —4.9(1)> =10.9 m

Now find the velocities just before impact.
For P,
up =158 —9.8(1) =6 ms~!

For Q,
ug = —4.2 - 9.8(1) = —14 ms~*

Let the velocities of P and @ just after collision be vp and vg respectively.
Conservation of momentum gives

6(6) + 3(—14) = 6vp + 3vg
36 — 42 = 6vp + 3vg
—6 = 6vp + 3vg

—2=2vp + g

Using the coefficient of restitution,

_ speed of separation 1

~ speed of approach 2

Before impact, speed of approach is
6—(—14) =20

So speed of separation is

1
- x20=10
2><

Hence
vg —vp =10
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So we solve

2vp +vg = —2
vg —vp =10

From the second equation,
vQ =vp + 10

Substitute into the first:

2up + (UP + 10) =-2

3vp +10 = -2
3vp = —12
vp = —4

Then

vg=-4+10=6
So after the collision, particle P is 10.9 m above the ground and moving downward at 4 ms™1.
Let the time from the collision until P hits the ground be 7 s.

For P after the collision,
y =109 — 47 — 4.972

When it hits the ground, y = 0, so

10.9 — 47 —4.972 =0
4972 +47 —-109=0

Multiplying by 10,
4972 + 407 — 109 =0

Using the quadratic formula,

40 £ /402 — 4(49)(—109)
= 2(49)
—40 + /1600 + 21364
98

—40 + /22964
98

—40 £ 2/5741
98

—20 £ /5741
49

Taking the positive root,

/5741 — 20

Therefore, the time between the collision and P hitting the ground is
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5. Two trolleys P and @, of masses 2m and 5m respectively, move along the same straight line on a smooth
horizontal track. Trolley P is behind trolley @, and both are moving in the same direction. Trolley P
catches up with trolley 2 and they collide directly.

Immediately before the collision, the speed of P is ku and the speed of Q is u.
Immediately after the collision, trolley () continues to move in the same direction with speed v and the

speed of P is v.

The magnitude of the impulse received by @ in the collision is 10mu.
(a) Find v in terms of u only. (3]

(b) Find the two possible values of k. [5]

(a) Take the positive direction to be the original direction of motion.

The impulse received by @ is its change in momentum, so

10mu = |5m(v — u)|

Hence
v —ul =2u
So
v—u=2u or v—u=-—2u
giving
v=3u or v=-—u

Since trolley @ continues to move in the same direction after the collision, v > 0. Therefore

v =3u

So the answer is v = 3u.

(b) We now use conservation of momentum.

Before the collision, total momentum is

2m(ku) + bm(u) = 2mku + 5mu

From part (a), the speed v = 3u.
For trolley P, its speed after collision is v, but its direction is not stated, so there are two cases.
Case 1: P continues in the same direction

Then after the collision,
momentum of P = 2m(3u), momentum of @ = 5m(3u)
so total momentum after the collision is
2m(3u) + 5m(3u) = Tm(3u) = 21lmu
Equating momenta:
2mku + dmu = 21mu

Divide by mu:
2k+5=21

2k =16
k=28
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Case 2: P rebounds

Then after the collision, @ still has momentum 5m(3u), but P has momentum
—2m(3u)
So total momentum after the collision is

5m(3u) — 2m(3u) = 3(5m — 2m)u = Imu

Equating momenta:
2mku + 5mu = 9mu

Divide by mu:

2k+5=9
2k =4
k=2

Therefore the two possible values of k are

k=2 or k=28
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0.9m

[ 7] [ @]

A 0.4kg B 3kg

6. The diagram shows two blocks P and ) of masses 0.4kg and 3 kg respectively, on a horizontal surface.
The points A, B and C lie on the surface in a straight line. The surface between A and B is rough and
the surface between B and C' is smooth. There is a wall at C.

The coefficient of friction between P and AB is %

Initially, P is at A and Q is at rest on BC. Block P is projected directly towards @ with speed 5ms~!.
The two blocks collide on BC'. As a result of the collision, P changes direction and comes to rest at A.
You may assume that P only collides with @ once.

(a) Determine the coefficient of restitution between P and Q. (6]
(b) Calculate the impulse exerted on P by @ during the collision. 2]

After the collision with P, block @ strikes the wall at C. The collision between @) and the wall is perfectly
elastic. After rebounding from the wall, @) comes to rest at a point on AB that is 0.30 m from A.

(c) Determine the coefficient of friction between @) and AB. [3]

(a) Take motion to the right as positive.
For block P on AB, the frictional deceleration is

25
azug:Ex9.8=5ms_2

From A to B, P travels 0.9m on the rough surface, so
v =u? + 2as
gives
v? =52 +2(-5)(0.9) =25 -9 = 16

Hence

v=4ms!

Since BC is smooth, the speed of P just before the collision is still

up =4 ms~!

Also @ is initially at rest, so
UQ =0

After the collision, P changes direction and eventually comes to rest at A. Since BC' is smooth, the
speed of P immediately after the collision is the same as its speed when it reaches B on the way back.

Let this speed be u. On AB, it then comes to rest after 0.9m, so

0 = u? +2(—5)(0.9)



https://danieljsmith.org

Solutions - Collisions in 1 Dimension danieljsmith.org

Since P is moving to the left after the collision,

vp = —3 ms~!

Let the velocity of () immediately after the collision be vg.

Using conservation of momentum:
0.4(4) + 3(0) = 0.4(—3) + 3vg

1.6 = —1.2 + 3ug

2.8 = 3vq
_ 14 -1
vQ = 15 ms
Now use
_ speed of separation
speed of approach
SO ”
oo V@ —vp _ = — (=3)
Up — uQ 4 -0
14 59
4 4 60
Therefore, the coefficient of restitution is
59
60

(b) The impulse exerted on P by @Q is the change in momentum of P:
I'=0.4(-3)—0.4(4)
I=04(-7) = —2.8 Ns

The negative sign shows the impulse is to the left.
Therefore, the impulse is
2.8 N's to the left

(c) From part (a), Q leaves the collision with speed

14
 ms!

15

towards the wall.

The collision with the wall is perfectly elastic, so (Q rebounds with the same speed:

14
= ms!

15
Since BC' is smooth, its speed at B on the way back is still

1
— IS
15

It comes to rest at a point on AB which is 0.30m from A, so the distance travelled on the rough part is
0.9 —0.30 =0.60 m

Let the coefficient of friction between ) and AB be p. Then the deceleration on AB is ug.

Using
v? =2 + 2as
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14
with v =0, u = 5 &= M9 and s = 0.60:
14\?
0=1|— 2(— 0.60
(33) +2n000
14\ 49
= — —2 —
0= (5) (3
196 294
225~ 25"
196 25
,U/ = — X — =
225 294

Therefore, the coefficient of friction is
2
— = 0.0741
27

3

5

)

2

)

27
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7. Particle P has mass m and particle @ has mass 7Tm.

The particles are moving in the same direction along the same straight line on a smooth horizontal surface.
Particle P collides directly with particle Q.

Immediately before the collision, the speed of P is 9u and the speed of @ is u.

After the collision, the direction of motion of P is reversed.

The coefficient of restitution between P and @ is e.

(a) Find the complete range of possible values of e. [7]

(b) Given that e = Z, find the total kinetic energy lost in the collision between P and Q. [4]

After the collision, P hits a smooth fixed vertical wall that is perpendicular to the direction of motion of
P. Particle P rebounds.
The coefficient of restitution between P and the wall is f.

Given that there is a second collision between P and (),

(¢) find the complete range of possible values of f. [3]

(a) Take the original direction of motion as positive, and let the velocities of P and @ immediately after
the first collision be vp and vg respectively.

Conservation of momentum gives

m(9u) + Tm(u) = mup + Tmug
16mu = m(vp + Tvg)

SO
16u = vp + Tvg

Using the definition of coefficient of restitution,

_speed of separation

~ speed of approach

Before collision, the speed of approach is

Ju —u=8u

After collision, the speed of separation is
v —vp

Hence
v —Vvp = 8eu

So we have the simultaneous equations

vp + Tvg = 16u
—vp +vg = 8eu

From the second equation,
v = vp + 8eu
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(b)

Substitute into the first equation:

vp + T(vp + 8eu) = 16u
8vp + Sbeu = 16u
8up = 16u — Sbeu

vp = (2—"Te)u
Then
vg = vp + 8eu
= (2 —Te)u + 8eu
=(2+e)u

We are told that after the collision the direction of motion of P is reversed, so vp < 0. Therefore

(2—-Te)u<0
and since u > 0,
2—-T7e<0
< 2
e> =
7
Also, for a coefficient of restitution,
0<e<1
Combining these gives
2
—<e<l1
75¢=

2
So the complete range of possible values is z <e<1.

3
Given e = T from part (a),

The initial kinetic energy is

The final kinetic energy is

1 (13u 2+-1(7ﬂ0 1u\? 1 169u2_+ 7 12102
1 (13u 1 Huy 1 .
2 4 D 1 2 16 2" 16
169, 84T
= gt
1016
= —m
33 Y
127
= —mu
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(c)

So the kinetic energy lost is

44mu® — Emu2 = 176 2 127

1 g T
49
= Zmu2
o .49
Therefore the total kinetic energy lost is AL
After the first collision, P has velocity
13u
4

13
So P hits the wall moving towards it with speed Tu
For the collision with the fixed wall, the coefficient of restitution is f, so

speed of rebound

speed of approach

Hence after rebounding, the speed of P is

1Bu  13fu

= 4

and its direction is reversed, so P now moves in the positive direction with velocity

13 fu
4

Particle @ is still moving in the positive direction with velocity

11u
4

For there to be a second collision, P must catch up with @, so P must be moving faster than Q:

13fu  1lu

1 -1

Since u > 0,
13f > 11

11
f> 13
Also 0 < f <1 for a coefficient of restitution.

Therefore the complete range of possible values is

1
oy
3 </=
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8. A particle A of mass 3m is moving with speed 4u on a smooth horizontal plane towards a smooth fixed
vertical wall. A particle B of mass m is on the same line between A and the wall, moving directly towards
A with speed u.

Particles A and B collide directly. The coefficient of restitution between A and B is e, where 0 < e < 1.
(a) Show that immediately after the collision B moves towards the wall with speed %(11 + 15e).

(b) Show that there will be a second collision between A and B after B has collided with the wall.
The coefficient of restitution between B and the wall is %

Find, in simplified form, in terms of m, u and e,

(c) the magnitude of the impulse received by B from the wall,

(d) the loss in kinetic energy of B due to its collision with the wall.

[6]
(3]

[3]
[3]

(a) Take motion towards the wall as positive.

Before the collision,
us = 4u, ug = —u

Let the velocities immediately after the collision be v4 and vp.

Conserving linear momentum:

3m(4u) + m(—u) = 3mvy + mug
12mu — mu = 3mv4 + mup

11lu = 3vas + vB
Using the coefficient of restitution,
speed of separation = e X speed of approach
S0

vp —va = e(du — (—u))

v — va = Deu

Hence
v = v4 + Seu

Substitute into the momentum equation:
3va + (va + Seu) = 11u
4va = 11u — Seu

u
vy = Z(ll — 5e)

Then

vB = va + Seu

= %(11 —5e) + beu
- %(11 — Be + 20¢)

- %(11 + 15¢)
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(b)

Since 0 < e < 1, this is positive, so B moves towards the wall.
Therefore, immediately after the collision, B moves towards the wall with speed
U

4(11 + 15¢)

From part (a),
vA:%(ll—E)e), vg = %(11+156)

Also

v —va = deu >0
so B is moving faster than A, and therefore B reaches the wall first.
Let the distance from the point of the first collision to the wall be d.

When B reaches the wall, A has travelled
VA
d. 2

vp
which is less than d because vy < vp.
So at that instant A has not yet reached the wall.

Now B collides with the wall and rebounds. Since the coefficient of restitution with the wall is %, its
speed after rebounding is
vB

3
in the opposite direction.

So after the wall collision, A is still moving towards the wall with speed v4, while B is moving away
from the wall towards A with speed “Z.

The distance between them at that moment is

d—d“:d<1—”)
B B

Their relative speed is

v
vA + ?B
Hence the time until they meet is
(-3
_\N  vB/
va+ 22
Substitute for v4 and vpg:
1 VA U —UA Seu _ 20e
vg  wp  (11+15e)u/4 11+ 15e
and
B U 1 u
— =—(11- - —(11+1
va + 3 4( 5e)+3 4( + 15¢)
= %(3(11 — be) + (11 + 15¢))
_ 44u
12
_ 1u
3
Therefore
d (112—8{35@)
time to second collision = ———~
11u/3
60de

~ TTu(11 + 15¢)

Since d > 0, v > 0 and e > 0, this time is positive.

Therefore there will be a second collision between A and B after B has collided with the wall.
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(c) Let
V= %(11 + 15¢)

be the speed of B just before it hits the wall.

Taking motion towards the wall as positive, the velocity of B changes from

%4
V to ——
+ o 3
So the change in velocity is
v 4V
YV =_—
3 3

Hence the magnitude of the impulse is

4
m|Av| =m (;/)

idm u
= — . - —(11+1
3 4( + 15¢)

= "(11 4 15¢)

Therefore the magnitude of the impulse received by B from the wall is

(11 + 15¢)

(d) Using V = %(11 + 15e), the kinetic energy of B before hitting the wall is

1
imv2

and after rebounding it is

So the loss in kinetic energy is

1 1 (V\* 1 1
—mVi—-m( =) =-mV?(1-=
2" 2m<3) 2" ( 9)
1, 8
=3"y
4
9

= —mV?

Now
u?(11 + 15e)?

vi=(fa1+ 15e))2 =

Therefore

u?(11 + 15¢)?
2 T 00
9 16
mu?(11 + 15¢)?

36

loss in kinetic energy =

Therefore the loss in kinetic energy of B is

mu?(11 + 15e)?
36
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9. A particle P of mass m is moving in a straight line with speed 5u on a smooth horizontal plane. It
collides directly with a particle @ of mass 4m that is initially at rest on the plane.

2
The coefficient of restitution between P and @ is e, where e > 3

(a) Show that the speed of P immediately after the collision is
(4de — Nu (4]

After the collision, P moves in the opposite direction and strikes a smooth fixed vertical wall that is
perpendicular to the direction of motion of P. The coefficient of restitution between P and the wall is f.

(b) Find, in terms of e, the set of values of f for which there will be a second collision between P and Q.

[6]

(a) Take the positive direction to be the original direction of motion of P.
Let the velocities of P and () immediately after the first collision be vp and vg respectively.

By conservation of momentum,
m(5u) + 4m(0) = mop + dmug

s0
Su =vp +4vg

Using the definition of coefficient of restitution,

speed of separation  vg —vp

speed of approach ~ 5u

hence
vg — vp = deu

Now solve the two equations.

From
vQ = vp + Seu

substitute into the momentum equation:
S5u = vp + 4(vp + beu)
5u = Svp + 20eu
S5vp = bu — 20eu
vp = (1 —4e)u

Also,
vg = vp + Seu = (1 —4de)u + Seu = (1 + e)u

Since e > %, we have
1—4e<0

so vp is negative. This means P moves in the opposite direction after the collision.

Therefore the speed of P is
—(1—4de)u = (de — Nu

So the speed of P immediately after the collision is (4e — 1)u.
(b) After the first collision:
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e P moves to the left with speed (4e — 1)u
e () moves to the right with speed (1 + e)u

When P strikes the fixed wall, the coefficient of restitution with the wall is f, so

speed of rebound

I= speed of approach

Hence, after rebounding from the wall, P moves to the right with speed

f(de — Du
For there to be a second collision, P must catch up with @ after rebounding from the wall.
Since both then move to the right on a smooth plane, this requires

flde—1u> (1+e)u

As u > 0, divide through by u:
flde—=1)>1+e
Also e > %, so 4e — 1 > 0, and we can divide by 4e — 1:

1+e
e — 1

f>

Now f is a coeflicient of restitution, so
f<i

‘We should check that the lower bound is less than 1:

1+e
4e — 1

2
<l <= l4+e<de—1 << 2<3e <— e>§

which is true.

Therefore the required set of values of f is

1+e
< f<1
4e — 1 S

So,

1+e
<1
4e—1<f_
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Tms™ L 2ms~!
e <—
1kg . . 2kg
A B

10. Two small uniform smooth spheres A and B have masses 1kg and 2kg respectively. The spheres are
moving towards each other in the same straight line on a smooth horizontal surface. Sphere A is moving
to the right with speed 7ms~! and sphere B is moving to the left with speed 2ms~!. The spheres collide.

After the collision, A moves with speed 1ms™!.

Determine the possible speeds with which B moves after the collision. [4]

Take motion to the right as positive.
Since the surface is smooth, there is no external horizontal impulse, so horizontal momentum is conserved.

Before the collision:
momentum = (1)(7) + (2)(-2) =7—-4=3

Let the velocity of A after the collision be v4 and the velocity of B after the collision be vg.
Then conservation of momentum gives
lvg +2vp =3

We are told that after the collision, A has speed 1 ms™!, so its velocity could be either

va=1 or wvg=-1
Case 1: vy =1
Substitute into the momentum equation:
14+2v =3
21)3 =2
vp = 1
So B has speed 1ms™!.
Case 2: vy = —1
Substitute into the momentum equation:
—1+2vp =3
2’UB =4
vp = 2

So B has speed 2ms~1!.
Therefore, the possible speeds of B after the collision are

1 1

lms™" or 2ms~
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11. Particles P and @), of masses m and 3m respectively, move on a smooth horizontal plane in the same
straight line towards a vertical wall. Particle @ is in front of P. Initially, P has speed 6u and @ has speed
u. Particle P catches up with ) and the particles collide before either particle reaches the wall.

The coefficient of restitution between the particles is e.

As a result of the collision, the direction of motion of P is reversed.
(a) Find, in terms of u and e, the speed of P after the collision. [6]

After the collision, @ continues to the wall and rebounds. The coefficient of restitution between ) and

1
th lis -.
e wallis o

Given that there is a second collision between P and (),

(b) find the full range of possible values of e. [5]

(a) Take motion towards the wall as positive.
Let the velocities of P and @ after the first collision be vp and vg respectively.

Conservation of momentum gives
m(6u) 4+ 3m(u) = mvp + 3mug
S0
Ju = vp + 3vg
Using the definition of coefficient of restitution,
speed of separation = e X speed of approach

hence
vg — vp = e(bu — u) = beu

So we have the simultaneous equations

Ju = vp + 3vg

deu = vg — vp

From the first equation,
vp = 9u — 3vg

Substitute into the restitution equation:

vg — (9u — 3vg) = beu
4dvg — 9u = Seu
dvg = (9 + 5e)u
vo = (9 + 5e)u
4
Then

op = 90— 3 (M)
4
_ 36u — (27 + 15¢)u
B 4
(9 — 15e)u
4
3(3 - be)u
4
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(b)

We are told that the direction of motion of P is reversed, so vp < 0. Therefore the speed of P is

3u(be — 3)

—vp = 1

3u(be — 3)
4

From part (a), for P to reverse direction we need

Hence the speed of P after the collision is

3(3—5
,UP:M<O
4
SO
3—-5e<0
and therefore 3
>7
75

Also from part (a), the speed of @ after the first collision is

(94 5e)u
4

When @ hits the wall, the coefficient of restitution between @@ and the wall is %, so the speed of Q
after rebounding is

1 » (94 5e)u (94 5e)u

3 4 12

After the rebound, both particles move away from the wall. For there to be a second collision, () must
catch P, so the rebounding speed of () must be greater than the speed of P.

Hence
(9+5e)u _ 3u(be —3)

12 ” 4

Since u > 0, multiply by %:

9+ 5e > 9(5e — 3)
9+ 5e > 4be — 27
36 > 40e

Combining this with e > % gives

Hence the full range of possible values of e is g <e< %
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12. Two small uniform smooth spheres A and B, of masses 2kg and 6kg respectively, are on a smooth
horizontal surface. Sphere A is projected directly towards B with speed 4ms~!. Sphere B is initially at
rest. The coefficient of restitution between A and B is e.

(a) Show that the velocity of A after the collision, in the original direction of motion of A, is (1—3e) ms™?
and find a similar expression for the velocity of B. [5]

(b) The following three parts are independent of each other, and each considers a different scenario
regarding the collision between A and B.

(i) In the collision between A and B the spheres coalesce to form a combined body C. State the

speed of C' after the collision. [1]
(ii) In the collision between A and B the direction of motion of A is reversed. Find the range of

possible values of e. [2]
(iii) The total loss in kinetic energy due to the collision is 9 J. Determine the value of e. (4]

(a) Take the original direction of motion of A as positive.
Let the velocities of A and B after the collision be v4 and vp respectively.

Since the surface is smooth, horizontal momentum is conserved:

2(4) + 6(0) = 2v4 + 6vp
8 = 2vy4 + 6up
4=wvus+3vp
Using the definition of coefficient of restitution,

_ speed of separation

~ speed of approach
Before collision, the speed of approach is 4 — 0 = 4.
After collision, the speed of separation is vg — v4, SO
_up —va
4
v —va = 4e
So we solve the simultaneous equations
va+3vg =4
—v4 +vp =4e
Adding gives
4vp =4+ 4e
vg=1+4¢e¢
Substituting into vg — v4 = 4e:

(14+e)—wvaq =4e
1—vy =3e

va=1-—3e

Hence the velocity of A after the collision is (1 — 3e) ms™!, and the velocity of B is (1 + ) ms™1.
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(b) (i) If the spheres coalesce, they move together with a common speed v.
By conservation of momentum,

2(4) +6(0) = (2+6)v
= 8v

v=1

So the speed of C' is 1ms™!.

(ii) From part (a), the velocity of A after collision is
vg=1-3e

If the direction of motion of A is reversed, then v4 < 0, so

1-3e<0
1< 3e
- 1
e> =
3
Also, for a coefficient of restitution,
0<e<1
Hence the possible values of e are
1
—<e<l1
3 =°=

(iii) Initial kinetic energy:

1
KEinitial = 5(2)(42)
=16J

From part (a), after collision the velocities are 1 — 3e and 1 + e.
So the final kinetic energy is

KEgqna = (2)(1 — 36)2 + %(6)(1 + 6)2

1—3e)* +3(1+e¢)?

1 —6e + 9¢?) + 3(1 + 2e + €?)
— 6e+ 9¢® + 3 + 6e + 3¢

+ 12¢2

N~

—~

|
B~ =

Hence the loss in kinetic energy is

16 — (4 +12¢*) =9

12— 12¢* =9
12(1—-¢€*) =9
3
1—e?="2
“ 71
1
2 _ —
“ 71
So
il
e=+—
2
But a coefficient of restitution must satisfy 0 < e <1, so
1
e=—
2

Therefore, e = %
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