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D C
1. A uniform plane lamina is in the shape of the pentagon ABC DE, as shown shaded in the diagram above.

e BCDEF is a rectangle
e BE =4a and DE = 2a

e triangle ABE is isosceles with perpendicular height 2a

14
(a) Show that the distance of the centre of mass of the lamina from CD is Ta. [5]

The mass of the lamina is M.

The lamina is suspended by two light vertical strings, one attached to the lamina at D and the other
attached to the lamina at E.

The lamina hangs freely in equilibrium, with DFE horizontal.

(b) Using part (a), find, in terms of M and g, the tension in the string attached at E. [2]

(a) Split the lamina into rectangle BCDE and triangle ABE.
Because the density is constant and the materials are the same, we can use areas as weights.
Let y be the distance of the centre of mass from C'D.

For rectangle BCDE,
area = BE x DE = 4a x 2a = 8a®

Its centre of mass is halfway up the rectangle, so its distance from CD is

a

For triangle ABE,

1
area:§x4ax2a:4a2

The centre of mass of a triangle is % of the perpendicular height from the base. So its distance above

BE' is i 5
a
Z(2a) = 2=
520 =3
Hence its distance from CD is
2a 8a
20 + — = —

3 3
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Now use moments of area about CD:

(8a® + 4a*)y = 8a*(a) + 4a* <8a)

3

3243

12025 = 843 + Ta
56a3

12a%g =
a y 3

o 5643 _ l4a

Y= 3622 " 9
14a

So the distance of the centre of mass from CD is 5

(b) When the lamina hangs with DFE horizontal, the line C'D is vertical through D. So, from part (a), the

14
centre of mass is horizontally % from D.

Also, DE = 2a, so the string at E acts at a horizontal distance 2a from D.

Tg(2a) = Mg <p;a>

Taking moments about D:

Hence
Mg (Y5*) _ "My
TE = =
2a 9

™
So the tension in the string attached at E is 9 9.
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2. ABCDE is a uniform lamina formed by joining an isosceles triangle ABFE to the top of a rectangle
BCDE, where AB=AFE =0.5m, BC = DFE =0.6m and CD = BE = 0.8m, as shown in the diagram.
The centre of mass of the lamina is G.

(a) Explain why G lies on the dashed line of symmetry. [1]
(b) Show that the perpendicular distance of G from C'D is 0.38 m. (4]
The lamina is freely suspended from the point B.

(c) Determine the acute angle that C'D makes with the horizontal, stating which of C or D is higher.  [4]

(a) The lamina is uniform and symmetric about the dashed line AM. Therefore its centre of mass must lie
on this line, so G lies on the dashed line of symmetry.

(b) Let M be the midpoint of C'D, so AM is the line of symmetry.

For rectangle BCDE,
area = 0.8 X 0.6 = 0.48

and its centre is halfway up the rectangle, so it is

0.3m

above C'D.
For triangle ABF, the base is BE = 0.8 m, so

BM =FEM =04m

Hence its height is

So the area of the triangle is
1
3 X 0.8 x0.3=0.12

The centre of mass of a triangle is one-third of the height from its base, so the triangle’s centre of mass

1S 0.3
0.6 + ? =0.7m
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(c)

above C'D.

Because the density is constant and the materials are the same, we can use areas as weights:
Ay = Aryr + A2y
So

(0.48 4 0.12)y = 0.48(0.3) + 0.12(0.7)
0.6y = 0.144 + 0.084
0.6y = 0.228
y =0.38

So the perpendicular distance of G from C'D is 0.38 m.
From part (b), G is 0.38 m above C'D, while B is 0.6 m above CD. So G is

0.6 -0.38=0.22m

below B.

Also, since G lies on the line of symmetry AM, its horizontal distance from B is half the width of the

rectangle:
BM = cp =04m
2
When the lamina is freely suspended from B, the centre of mass G hangs vertically below B. Therefore

the lamina must rotate through an angle § where

horizontal distance of G from B
tanf =

vertical distance of G below B
0.4

T 0.22
20

S

20
6 = tan~! (11> ~ 61.2°

Since G is to the left of B, the lamina rotates clockwise, so D is higher than C.

Hence

So the acute angle that C'D makes with the horizontal is

20
tan~! (11) ~ 61.2°

with D higher than C.
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3. A letter F' from a shop sign is modelled as a uniform plane lamina in the shape shown in the diagram above.

The left-hand vertical strip has width ¢ and height 5a. The top horizontal strip has length 4a and
thickness a. The middle horizontal strip has length 2a and thickness a.

Using the model,

(a) find, in terms of a, the distance of the centre of mass of the letter F', from
(i) OS
(ii) OA
(6]
The letter F is freely suspended from O and hangs in equilibrium. The angle between OS and the
downward vertical is .

Using the model,

(b) find the exact value of tan . [2]

(a) Take O as the origin, with OA as the x-axis and OS as the y-axis.

To avoid overlap, split the letter F' into three rectangles:

Part Area | x-coordinate of centre | y-coordinate of centre
a 5a
vertical stri 5a2 — -
P ) 2
top extensio 3a? ba 9a
Xtension a _ -
P 2 2
3a 5a
middle extension | a? 5 5

Because the density is constant and the material is the same, we can use areas as weights.

The total area is
A =5a% 4+ 3a% + a® = 94>

(i) If the centre of mass is (Z,¥), then the distance from OS is Z.
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AZ = 5a® (%) + 3a? (52a> +a? (32a>

5¢2  15a®  3a®

“2 T Ty
_ 2303
2
So
~ 232a 23a
xTr = = —
9a2 18

23
Hence the distance of the centre of mass from OS is l—sa.

(ii) The distance from OA is g.

da 9a da
o E,2 2 2
Ay5a<2>+3a<2>+a<2>

_ 25q3 n 27a3 n 5a°
) 2 2

So

19
Hence the distance of the centre of mass from OA is ?a'

(b) Let the centre of mass be G.
When the lamina is freely suspended from O, it hangs with G vertically below O. So the downward

vertical is the line OG.
Therefore « is the angle between OS and OG. Using the coordinates of G found in part (a),

fan o — distance of G from OS z
~ distance of G from OA
Hence
23a
18
tana = @
6
23a 6
= — X —
18 19a
_2
BT
23

So the exact value is tana = B
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4. A template T consists of a uniform plane lamina made from three rectangles, as shown in the diagram.
The upper rectangle PQRS has PQ = 12cm and PS = 2cm. The point O is the midpoint of SR. A
rectangle of width 4 cm and height 2z cm is attached centrally below SR, and a rectangle of width 8 cm
and height 2 cm is attached centrally below this rectangle. The whole template is symmetrical about the
line through O perpendicular to SR, where x > 1.

(a) Show that the centre of mass of T is a distance

2?2 +4x—1

z+5 cm

below SR. [7]

The template T is freely suspended from the point P and hangs in equilibrium.

Given that x = 2 and that 0 is the angle that PQ) makes with the horizontal,

(b) show that

9— 42
tant = 2 [4]

(a) Let the centre of mass be G.

Since the template is symmetrical about the line through O perpendicular to SR, the point G lies on
this line.

Take distances from SR, positive downwards.

Because the density is constant and the materials are the same, we can use areas as weights in
Ay = Aiyr + Asyz + Asys.
For the three rectangles:

upper rectangle: A; =12 x 2 = 24, y1 = —1
middle rectangle: A =4 x 2z = 8, Yo =2
lower rectangle: Az =8 x 2 = 16, ys =2z +1



https://danieljsmith.org

Solutions - Centre of Mass of Polygonal Laminae danieljsmith.org

(b)

So
(24 + 8z + 16)7 = 24(—1) + 8z(x) + 16(2x + 1)

=-24+82%2+ 322+ 16

=8z% 432z — 8

= 8(2? + 4z — 1).
Also,

24 + 8z + 16 = 8z + 40 = 8(z + 5).

Hence

_ B(af+4r—1) 2P+4z—1
Y= T 8@+5 | z+5

Since x > 1, this value is positive, so G is below SR.

Therefore the centre of mass is
22 +4r—1
——————cm
T+ 5

below SR.

From part (a), when z = 2,

224+4(2)—1 11
= — = — CIn.

oa 2+5 7

So G is 1—71 cm below SR on the line of symmetry through O.
The horizontal distance from P to this line is half of PQ), so

12
horizontal distance = 5 = 6 cm.

The vertical distance from P down to G is

1125

Let « be the angle between PQ and PG. Then
tano = —25/7 = %
6 42

When the template hangs freely from P, the centre of mass is vertically below P, so PG is vertical.
Hence P makes an angle 6 with the horizontal where

0 =90° — a.

Therefore

i 1 42
tanf = tan(90° — «) = . =3
an o

So "
tanf = —=.
amv=og
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5. A uniform lamina R is bounded externally by the rectangle with vertices (0,0), ((k + 4)a, 0),
((k+4)a, (k+3)a) and (0, (k + 3)a), where k > 0.

A rectangular hole with vertices (a, a), ((k+ 2)a,a), (k + 2)a, (k+ 1)a) and (a, (k + 1)a) is removed, as
shown in the diagram.

Determine the range of values of k for which the centre of mass of R lies in the hole. [10]

Let the outer rectangle be R; and the rectangular hole be R,.
Because the density is constant and the materials are the same, areas can be used as weights.
For Rl,

Ay = (k+4)(k + 3)a?, (21,11) = ((lf";l)Cl7 (k—;i’))a)
For the hole Rs,
Ay =((k+2)a—a)((k+1)a—a) = k(k + 1)a2

and its centre is

(22,42) = (“”’“; 2)a “+<’“2+ 1>a> _ ((kzs)a’ (’“;”“)

So the area of the remaining lamina R is
A=A — Ay = ((k+4)(k+3) — k(k+1))a® = 6(k + 2)a®
Using subtraction of moments,
AT = Ajxq — Asxo, Ay = Ay — Asyo
Hence

(k + 4)(k + 3)a? - EENL (4 1)q2 . BB

6(k + 2)aZ
a(k+3)((k+4)* — k(k+1))
12(k + 2)

a(k + 3)(Tk + 16)
12(k + 2)

T =
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and
(k + 4)(k + 3)a? - LD _ (g 4 1)q2 . (B2
6(k + 2)a?
a((k+4)(k+3)* —k(k+1)(k+2))
12(k + 2)
_a(7k? + 31k + 36)
12(k + 2)

For the centre of mass to lie inside the hole, we need

37:

a<Z<(k+2)a, a<g<(k+1a

Since a > 0 and k£ > 0, we can divide through by a.
First, for the x-coordinate,
(k+3)(7Tk + 16)

T = —— 1
v 2kt2)

— (k+3)(Tk+16) > 12(k + 2)

— Tk2+25k+24>0

which is true for all £ > 0.
Also,

(k + 3)(7k + 16)

2
okt FT

Z<(k+2)a =

< (k+3)(7k +16) < 12(k + 2)?
— 5K+ 11k >0

which is also true for all £ > 0.
Now for the y-coordinate,

Tk% + 31k + 36

Yy>a <= W>1
< Tk? + 31k + 36 > 12(k + 2)
= Tk* +19k+12>0
which is true for all k& > 0.
Finally,
g<(k+1)a < W<k+l

= Tk* +31k+36 < 12(k +2)(k + 1)

< 5k +5k—12>0

Solving 5k% + 5k — 12 =0,
-5+ +/25+240 54265

k =
10 10
Since the quadratic opens upwards, 5k% + 5k — 12 > 0 when
b < -5 — /265 o k> -5+ V265
10 10
But k£ > 0, so the only possible range is
V265 —5
k> ———
10
Therefore the centre of mass of R lies in the hole when
k> Lfﬁ) ~1.13
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6. A uniform lamina is formed by removing the square FBGF from a square lamina ABCD, where
AB =BC=CD=DA=2aand EB = BF = h, with 0 < h < 2a (sec diagram).

(a) Find the distance of the centre of mass of the remaining lamina from AD and from AB, giving your
answers in terms of a and h. [5]

The lamina is placed vertically on its edge AE on a horizontal plane.

(b) Find, in terms of a, the set of values of h for which the lamina remains in equilibrium. [3]

(a) Let the centre of mass of the remaining lamina be (Z, ), where Z is the distance from AD and g is the
distance from AB.

Because the density is constant and the materials are the same:

area of ABCD = 4a?, centre (a,a)

h h
area of removed square EBGF = h?, centre <2a 5 5)

So the area of the remaining lamina is
4a® — h?

For the distance from AD), use areas as weights:

(10 1)z = 4e*(a) - 1 (20~ 5

4a® — 2ah? + %h3
4a? — h?
a(4a® — h?) — Lh*(2a — h)
(2a — h)(2a + h)
h2
T 52a+ h)

xr =

For the distance from AB: "

(4a? — B2)g = 4a®(a) — B2 <§>

g = 4a® — %h?’
4a? — h?
_ a(4a® — h?) + Lh%*(2a — h)
(2a — h)(2a + h)

h2
=t atn)
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(b)

Therefore the centre of mass is at distance

h2
T 202a+h)
from AD, and at distance
h2
“t 20t h)

from AB

When the lamina is placed vertically on edge AF, it will remain in equilibrium if the vertical line
through the centre of mass meets the base AFE.

Now

AE=AB—-FEB=2a—h
In this position, the horizontal position of the centre of mass along the base is Z. So we require
0<z<2a—h
Since T > 0, it is enough to solve 2

U VA S
202a+h) =

—h? < 2(2a+ h)(a — h)
—h? < 4a® — 2ah — 2h*
h? + 2ah — 4a* <0
The roots of h2 + 2ah — 4a? = 0 are

—2a + v/4a? + 16a2
_ a 2a+ 6a = ataV

h

So
—a(1+V5) <h<a(V5-1)

Given that 0 < h < 2a, this reduces to
0<h<a(Vs—-1)
Therefore the lamina remains in equilibrium for

0<h<a(vVs—1)



https://danieljsmith.org

Solutions - Centre of Mass of Polygonal Laminae danieljsmith.org

TN

A FE 4a C

7. A uniform lamina is formed from the right-angled triangle ABC' by removing the triangle ADFE, as shown
in the diagram. The triangle ABC has AB = 3a, AC = 4a and ZBAC = 90°. The point D lies on AB
and satisfies AD : AB =1 : k. The point F lies on AC, and DE is parallel to BC.

(a) Taking A as the origin, with AC' as the z-axis and AB as the y-axis, find the coordinates of the
centre of mass of the remaining lamina DBCEFE in terms of a and k. [4]

When the lamina DBCE is freely suspended from C, the edge CE makes an angle 6 with the downward

21

tical, where tanf = —.

vertical, where tan 5
(b) Find the value of k. [3]

(a) Let the centre of mass of the remaining lamina be G(Z, 7).

Since
AD 1
AB  k
we have 34
SO

3a
D= (o, ?)

Also, DE || BC, so triangles ADE and ABC' are similar. Hence

AE_AD 1
AC  AB k
SO 4
0
AE = —
k

and therefore A
a
E=(—.,0
( k ’ )

For a uniform triangular lamina, the centre of mass is at the centroid, so it is the average of the vertex
coordinates.

For ANABC:
1
A = 5(3a)(4a) = 6a”

0+0+4a 0+3a+0Y 4_aa
3 ’ 3 IR

and its centre of mass is
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For AADE:
1 /3a 4a 6a>
n=3(7) (%) =%

0+0+% 04+ +0\  (4a a
37 3 C\3kk

Because the density is constant and the material is the same,

and its centre of mass is

ART = A1z — Asxo, ARy = A1yr — Ay

where Ap is the area of the remaining lamina.

Now 62 )
2 a 2
AR:6CL —ﬁ:fia (1—]€2>
So
a a2 a
G
6a* (1 - 7z)
_50-%)
T
4o K1
3 k(k2-1)
_da (k=D)(R*+E+1)
3 k(k—1)(k+1)
~da(k*+E+1)
- 3k(k+1)
and
7_6a2~a—6k%~%
T (- )
_ae(l-)
T
B k3 —1
Uk
a(k*+k+1)
T k(k+1)

So the centre of mass of DBCE is

<4a(k2+k+1) a(k2+k+1)>
3k(k+1) 7 k(k+1)

(b) When the lamina is suspended from C, the centre of mass lies vertically below C. So the line CG is
the downward vertical.

The angle between C'E and CG is unchanged when the lamina rotates. In the original coordinates,
CFE is horizontal, so ~
Y

tanf =
an 4da — T

Using the result from part (a),
4a(k? + k+1)
3k(k+1)
4a(3k(k+1) — (k> + k+ 1))
3k(k+1)
4a(2k* + 2k — 1)
3k(k+1)

4da — T = 4a —
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Hence

21
Gi that tanf = —
iven that tan ok

Since k > 1, it follows that

tanf =

C4(2k2 + 2k — 1)

3(k*+k+1)

a(k?+k+1)
TR

4a(2k212k—1)

3k(k+1)
3(k*+k+1)

21

4(2k2 + 2k — 1) 52

156(k2 + k + 1) = 84(2k? + 2k — 1)
13k + k4 1) = 7(2k* + 2k — 1)
13k + 13k + 13 = 14k® + 14k — 7

E+k—20=0
(k—4)(k+5)=0

k=4
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8. ABCD is a uniform rectangular lamina with AB = 10a and BC' = 6a. Point E lies on DC with CE = h,
where 0 < h < 10a, and point F' lies on BC with CF = 3a. The rectangle C EGF is removed, where G is
the fourth vertex of the rectangle (see diagram).

(a) Show that the distance of the centre of mass of the remaining lamina from AD is

h? — 20ah + 200a>
2(20a — h)

and find a corresponding expression for the distance of the centre of mass from AB. [5]

When the lamina is suspended from the point D, the edge DA makes an angle 6 with the downward
vertical, where tanf = %

(b) Find, in terms of a, the two possible values of h. [3]

(a) Take A as the origin, with AB as the z-axis and AD as the y-axis.

Then the whole rectangle ABC' D has area
60a*

and centre (5a,3a).

The removed rectangle CEGF has width h and height 3a, so its area is

3ah

h 9a
10 — —. 2=
(Oa 2,2>

Because the density is constant and the material is the same, areas can be used as weights.

and its centre is

So the area of the remaining lamina is

60a” — 3ah = 3a(20a — h)
If the centre of mass of the remaining lamina is (Z,g), then

h
(60a® — 3ah)z = 60a*(5a) — 3ah <10a - 5)
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Hence

3a(20a — h)z = 300a® — 30a*h + gah2

300a® — 30a®h + Sah?
3a(20a — h)
100a® — 10ah + 3 h?
- 20a — h
h? — 20ah + 200a?
T 2(20a— h)

T =

So the distance from AD is
h? — 20ah + 200a>

2(20a — h)

Similarly,

(60a* — 3ah)y = 60a*(3a) — 3ah (92“>

So

2
3a(20a — h)j = 180a® — gazh

180a® — 2lah

Y= T34(20a — 1)
B 120a? — 9ah
~ 2(20a — h)
_ 3a(40a — 3h)
~ 2(20a — h)

Therefore the corresponding distance from AB is
3a(40a — 3h)
2(20a — h)

(b) When the lamina is suspended from D, the centre of mass lies vertically below D.

From part (a), the horizontal distance of the centre of mass from D is %, and the vertical distance

below D is
_ 3a(40a — 3h)
Oa =y =60 == 500 —n)
_ 12a(20a — h) — 3a(40a — 3h)
N 2(20a — h)
_ 3a(40a — h)
~ 2(20a — h)
Hence B
tanf = — - = 13
6a—y 12

Substituting the expressions from part (a):

h? — 20ah + 200a?

2(20a — h) _ 3
3a(40a —h) 12
2(20a — h)

h? — 20ah + 200a®> 13

3a(40a —h) 12
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So

12(h? — 20ah + 200a?) = 39a(40a — h)
12h2 — 240ah + 24004 = 1560a? — 39ah
12h% — 201ah + 840a% = 0

Solving this quadratic for h:

, _ 201a £ \/201%2 — 4(12)(840)a?

24
B 201a = 9a
N 24
Hence 35
h=8a or h= Ta

Both values satisfy 0 < h < 10a.
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F E
2a
o - L B
2a i
0 4a i{ 2a e

9. The uniform plane lamina shown in the diagram is formed from the rectangle OABC), the square CDEF
and the triangle ABG. The rectangle has dimensions 4a by 2a, the square has side 2a and AG = 2a.
Take O as the origin, with OA as the positive z-axis and OC' as the positive y-axis.

In part (a) you may use, without proof, any of the centre of mass formulae given in the formulae booklet.

2
(a) Show that the distance of the centre of mass of triangle ABG from AB is ?a. [3]

(b) Find the coordinates of the centre of mass of the lamina. [4]

The lamina is freely suspended from F' and hangs in equilibrium with F'C' at an angle 6° to the downward
vertical.

(c) Find the value of 6. (4]

(a) Let the centre of mass of triangle ABG be T.

For a triangular lamina, the centroid has coordinates equal to the mean of the coordinates of its vertices.

T 4a +4a+6a 0+2a+0 _ 1l4a 2a
B 3 ’ 3 ~\ 373

The line AB is vertical, with equation = = 4a. So the perpendicular distance of T' from AB is

1l4a _ 14a — 12a 2a

a
3 3 3

2
Hence the distance of the centre of mass of triangle ABG from AB is ga.

(b) Let the centre of mass of the whole lamina be (z,y).
Because the density is constant and the materials are the same, areas can be used as weights.

For the three parts:

Shape Area | Centre of mass
Rectangle OABC | 8a? (2a,a)
Square CDEF | 4a? (a,3a)

14a 2
Triangle ABG 2a> (Ta’ ga)

So the total area is

8a® + 4a® + 2a® = 14a°
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USiI’lg AT = A1CE1 + A2x2 + A3£E3,

14
140’7 = 8a*(2a) + 4a*(a) + 2a* (3(1)
3 5 28a?
= 16a° + 4a° + 3
_ 884>
3
Hence
. 88a3/3 _ 44711
 14a2 21

Using Ay = Ajy1 + Aoy + Asys,

2
14a*y = 8a*(a) + 4a*(3a) + 2a® <3a>

43
::8a3%712a3474§7

- 64a°
3

Hence
_ 64a®/3  32a
 14a2 21

So the coordinates of the centre of mass of the lamina are

Ha 3%
217 21
(c) Let the centre of mass be M.

When the lamina is freely suspended from F', the centre of mass lies vertically below F' in equilibrium.
So the downward vertical is along the line F'M.

Now

44a 32a
F=(0,4 M=|—,—
(0,4a), (502

Hence

Fij_ (Ma 820, N (40 5%
217 21 21 21

The line FC is vertical in the lamina, so after turning through angle 6, it makes angle  with the
downward vertical. Therefore 6 is the angle between F'C and FM.

Using the horizontal and vertical components of F'M,

_ 44a/21 11

tand = = —
52a/21 13

So
11
0 = arct — | =40.2°
arctan (13>

11
Hence the value of 6 is arctan(lg>, which is approximately 40.2°.
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10. A uniform lamina ABC'DEF is in the shape of the hexagon shown in the diagram. In a coordinate system
with origin O, the vertices have coordinates A(—120,0), B(120,0), C(120,40), D(20,100), E(—20,100)
and F(—120,40). The units of the axes are centimetres.

The centre of mass of the lamina lies at (Z, 7).
(a) Use symmetry to write down Z and show that § = 40. [5]

The lamina is placed horizontally so that it rests on three supports, whose points of contact are at D, E
and G, where G lies on the edge AB and has coordinates (g, 0).

(b) Determine the range of values of g for the lamina to rest in equilibrium. [3]
It is now given that g = 8, and that the lamina has weight 100N.

(c) Determine the forces exerted on the lamina by each of the supports at D, E and G. (4]

(a) The hexagon is symmetric about the y-axis, so
=0
To find g, take the lamina as a 240 x 100 rectangle with two identical right-angled triangles removed.

Because the density is constant and the material is the same, areas can be used as weights.

For the rectangle,
Ay = 240 x 100 = 24000, y1 = 50

For each removed triangle,

1
A2:§><100><60:3000
and its centroid is % of the height down from the top edge y = 100, so

60
y2 = 100 — = =80

Hence the area of the hexagon is

A = 24000 — 2(3000) = 18000

Now take moments about the x-axis:

Ag = A1y1 — 2A2y2
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SO
180007 = 24000(50) — 2(3000)(80)
= 1200000 — 480000
= 720000
Therefore
_ 720000
Y= 18000
So the centre of mass is
(z,y) = (0,40)

(b) For the lamina to rest in equilibrium, the vertical line through the centre of mass must pass inside or
on the triangle formed by the three supports, that is triangle DEG.

From part (a), the centre of mass is at (0,40). So we need the point (0,40) to lie inside or on triangle
DEG.

First find where the line DG has height y = 40. Using coordinates D(20,100) and G(g,0),
40—-10 T—g

100—0 20—g

Hence
2 xz-—g
5 20—g
2(20 - g)
r—g=-— —
9=7% g
3g
:8 _—
x +5

Now do the same for line EG, where E(—20,100):
40 -0 T—g

100-0 —20—g

Hence
2_ -9
5 —20—g
2
x—g=5(—20—9)

39
:—8 —
x + 5

So at height y = 40, triangle DEG runs from

3 3
T =—-8+ gg to x =8+ gg
For (0,40) to lie on or between these values,
3g 3g
8+ T <po<8g+
+ 5 T + )
This gives
< 40 q S 40
= an _=
g 3 9= 3

Therefore the required range is
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(c) Let the upward support forces at D, E and G be Rp, Rg and R respectively.

Since the lamina is in equilibrium, the resultant of these three upward forces is equal to the weight
100N, and it acts through the centre of mass (0,40).

So
Rp+ Rg + Rg = 100

Using the y-coordinates of the supports,
100 x 40 = 100Rp 4+ 100RE + 0 - R¢

SO
Rp + Rg =40

Hence
Rg =100 — 40 = 60

Now use the z-coordinates of the supports. Since the resultant acts through x = 0,

100 x 0 = 20Rp + (—20)Rp + 8R¢

So
20Rp —20Rg + 8(60) =0
20Rp — 20Rg = —480
Rp — R =—-24
Now solve

Rp + Rg =40, Rp — Rg =—-24

Adding gives

2Rp =16
SO
Rp =28
and then
Rg =32

Therefore the forces exerted on the lamina are:

at D : 8N upward, at E: 32N upward, at G : 60N upward
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