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048m  0.48m

Axial section of the suspended solid

1. A solid cylinder has radius 0.24 m and length 0.48 m. A hemispherical cavity of radius 0.24 m is cut into
one end of the cylinder, with its circular opening coinciding with that end face. A solid cone of base
radius 0.24 m and height 0.48 m is joined to the opposite end of the cylinder so that their circular faces
coincide.

The resulting solid S has uniform density throughout. Let O be the centre of the opening of the cavity, A
the centre of the cylinder-cone joint and V' the vertex of the cone. The points O, A and V lie on the
common axis, in that order. The centre of mass of S is G.
You may use the following results for uniform solids:
e A hemisphere of radius r has volume %ﬂr?’ and its centre of mass is %T from its plane face towards
its curved surface.
e A cone of base radius r and height h has volume %ﬂ?“Qh and its centre of mass is % from its base
towards its vertex.

(i) Explain why G lies on the line OV.
(ii) Find the distance OG.

The solid is suspended by two light vertical strings. One is attached to the uppermost point of the circular
rim centred at O, and the other to the uppermost point of the circular joint centred at A. The solid
hangs in equilibrium with OV horizontal, as shown in the diagram above.

(iii) Given that the weight of S is W, find the tension in each string in terms of W.

Solution

ovV.

Measure distances along the axis from O towards V.

from its base towards its vertex.

[1]
[6]

[3]

(i) The solid has uniform density and is rotationally symmetric about OV, so its centre of mass lies on

(ii) Let r = 0.24m and let the density be p. Both the cylinder’s length and the cone’s height are 2r.

The centre of mass of a uniform solid cylinder lies halfway along its axis. The centre of mass of a
uniform solid hemisphere of radius R lies on its axis, a distance % from its plane face towards the
curved surface. The centre of mass of a uniform solid cone of height H lies on its axis, a distance

H

4
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Using mass = density x volume:

Component Mass magnitude

Axial distance from O

Complete cylinder My = prr?(2r) = 2pmr®

Removed hemisphere M, = 2pmr?

Cone Mz = Lpmr?(2r) = 2pmr3

For a composite solid, the centre-of-mass coordinate is

Z m;x;
2o m;

T =

X1 =T
__ 3r
$2—§

T3=2r+ 2 =3

Removed material is represented by negative mass. Here the removed hemisphere has signed mass

—Ms>, so
oG — Mz, — Maxo + Msas
My — Ms + M3
Substituting and cancelling prr3:
2(3r 2(5r
oG = 2r — 5(?) + 5(7)
2 2
2242
r 1 5
= — 2 — — —
2< i 3>
_ 4l
24
41(0.24)
24
=0.41m

(iii) Let To and T4 be the tensions in the strings attached to the rims centred at O and A, respectively.

Since OV is horizontal and the strings are vertical, their horizontal distances from O are 0 and 0.48 m.
The weight acts vertically through G, at horizontal distance 0.41m from O.

Taking moments about O:

0.48T 4 — 0.41W = 0

AW
Ty = —"
T

Resolving vertically:
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2. A composite solid S consists of a uniform solid cylinder of radius r and height 7, and a uniform solid
hemisphere of radius 2r. Both components have the same density. The upper circular face of the cylinder
is joined centrally to the plane face of the hemisphere, with their axes coincident and the curved surface
of the hemisphere uppermost, as shown in the diagram above. The point O is the centre of the lower
circular face of the cylinder.

(a) Find the distance from O to the centre of mass of S, giving your answer as an exact multiple of r. (4]

The lower circular face of S rests on a rough plane. The coefficient of friction between S and the plane is
w. Initially the plane is horizontal. Its inclination € to the horizontal is then increased slowly, with S
remaining at rest until it either slides or begins to topple. No external force other than gravity and the
contact force acts on S.

(b) Find the angle at which S would begin to topple if sliding were prevented, giving your answer to the
nearest 0.1°. Hence find the range of values of u for which S slides before it begins to topple. [6]

Solution

(a) By symmetry, the centre of mass G lies on the common axis. Let the common density be p. The
masses of the cylinder and hemisphere are

me = prr?(r) = prrd

2 - 1
mp, = p(37r(2r)3> = §6p7ﬂ"3

The centre of mass of a uniform solid cylinder lies halfway along its axis. The centre of mass of a
uniform solid hemisphere of radius R lies on its axis, a distance % from its plane face towards the
curved surface. Thus their distances above O are

T 3(2r) Tr

y ATt

Ze =

For a composite solid, the centre-of-mass height is

Z m;z;
>m;

zZ =
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Using the masses and heights above:

0G — MeZe + Mp2h
Me + Mp,

3 (C> + E S ﬁ
PITNg) T3P\

16
pr3 + 3 prr3

1.2
273 )"

16
]_ _
3

_ 59r

T 38

(b) Let M be the total mass and 6, the inclination at impending toppling. The solid topples about the
downhill edge P of its lower circular face, where the contact force acts at this instant.

Resolve the weight parallel and perpendicular to the plane. Their moment arms about P are OG and
r, respectively. Taking moments about P:

(Mgsind,)OG = (Mg cosb)r

@ sin6; = r cos 6;
38
38
tanf;, = —
an vy 59

38
0 = arctan(59) A2 32.8° (1d.p.)

Before motion begins, let R be the normal reaction and F the frictional force acting up the plane.
Resolving perpendicular and parallel to the plane gives

R = Mgcos8, F = Mgsin6

At the inclination 8, for impending sliding, friction is limiting, so
F=uR
Mgsinf, = pMgcos b,

tanfs =

Since tan @ increases for 0 < 6 < 90°, sliding occurs before toppling when 6, < ;. Equality would
give simultaneous sliding and toppling. Hence, using the toppling angle found above and p > 0, the
required range is

38
0<pu< —
S 59
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3. A solid ornament consists of a cylinder of radius @ and height a, surmounted by a cone of base radius a
and height h. Their circular faces coincide, and both parts are made from the same material of uniform
density. The point O is the centre of the lower circular face of the cylinder.

The centre of mass of the ornament is on its axis of symmetry, at a distance ?—g above O.

(i) Show that h = 2a. 4]

A hemispherical cavity of radius § is then cut into the ornament through the lower face of the cylinder.

The centre of the circular opening is O, and the cavity extends upwards into the cylinder.
(ii) Find the distance of the centre of mass of the remaining ornament from O. [4]

The remaining ornament is placed with its flat annular base on a rough plane. The inclination of the
plane to the horizontal is slowly increased. The friction is sufficient to prevent sliding.

(iii) Find the angle of inclination at which the ornament is on the point of toppling, giving your answer
to the nearest degree. [2]

Solution

(i) A schematic axial section is shown below, with the cavity introduced in part (ii) shown dashed:

Cavity of radius %

e s— [ in part (ii) ’
1/ \‘
0
a

Measure heights along the axis from O, and let the uniform density be p. For a composite solid, the
centre-of-mass height is

Z miz;
d.m;

z =

The centre of mass of a uniform solid cylinder lies halfway along its axis. The centre of mass of a
uniform solid cone of height H lies on its axis, a distance % from its base towards its vertex. Thus
the component heights are 5 and a + %, respectively.
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The cylinder and cone have masses pma® and % pma®h. Using the given centre of mass and cancelling

2
af A\ _a h(  h
0\*"3) "2 T3\ Ty

pTac:
54a2 + 18ah = 30a? + 20ah + 5k

5h% + 2ah — 24a® = 0

(h—2a)(5h 4+ 12a) =0

Since h > 0, the negative root is inadmissible, so

h =2a

(ii) The centre of mass of a uniform solid hemisphere of radius R lies on its axis, a distance % from its
plane face towards the curved surface. Hence the centre of mass of the removed material is at height

HORE

Using h = 2a from part (i), the original mass M and removed mass m are

1
M = p<7ra3 + 37Ta2(2a)> = gpmf’

(2 (a>3 1 3
M= 3™e) ) T ™

By symmetry, the remaining centre of mass is still on the axis. Removed material is represented by
negative mass. Using the general formula from part (i), with signed masses M and —m, its height z

satisfies
9a 3a
M(m)""(w)
5_ 1), _5(%)_1(3
3 12/)7  3\10 12\ 16

(M —m)z

19__ 95a
12°7 64
_ 1ba
Z=—
16

(iii) Let the inclination be 6. At the point of toppling, the vertical line through the centre of mass passes
through the downhill outer rim of the annular base. The right-angled triangle formed by O, the centre
of mass and this rim point gives

a 16

t 0 — — = —
an 15a/16 15

a
z

Therefore the required inclination is

16
0= arctan<15> ~ 47° (nearest degree)
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2r

4. A composite solid is made from a solid hemisphere, a solid cylinder and a solid right circular cone, all
made from the same material of uniform density. Each component has radius r. The cylinder has height
r and the cone has height 2r.

The plane face of the hemisphere is joined to one circular face of the cylinder, and the base of the cone is
joined to the other circular face of the cylinder. Their axes coincide, as shown in the diagram above. The
centre of the common face of the hemisphere and cylinder is O, and B lies on its circumference, with
OB =r.

(a) Find the distance of the centre of mass of the composite solid from O, stating on which side of O it
lies. [5]

The cone is now removed and replaced by a solid right circular cone of base radius r and height hr, where
h > 0, made from the same material. The hemisphere and cylinder are unchanged. This new composite
solid is suspended by a light string attached to B and hangs freely in equilibrium. The acute angle
between OB and the vertical is 45°.

(b) Find the exact value of h. [4]

Solution

(a) Take the common axis as the x-axis, with origin O and positive direction towards A. By symmetry,
the centre of mass lies on this axis. Let the common density be p.

The centre of mass of a uniform solid hemisphere of radius R lies on its axis, a distance % from its
plane face towards the curved surface. The centre of mass of a uniform solid cylinder lies halfway
along its axis. The centre of mass of a uniform solid cone of height H lies on its axis, a distance %

from its base towards its vertex. Using mass = density X volume gives

Component Mass Axial coordinate
Hemisphere % prr> - %
. 3 :
Cylinder pTT 5
Cone 2pmr? r+ 2 =3
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For a composite solid, the centre-of-mass coordinate is

>omx;
>

T =

Substituting the masses and positions:

z—1—1—1—2 7T’I“3.f—g s _3r + 7rr3(f)+g7rr3 3
3 3 )T TRl g ) TT\2) TR

7 1 1
gpﬂ"l“g.f = (—4 + 3 + 1) ,071'7"4
_ 15r
r=——
28

This coordinate is positive, so the required distance and side are

15r

28 on the cylinder and cone side of O

(b) Let the new centre of mass be G’, with signed axial coordinate x;. The replacement cone has mass
%pm"3 and its centre of mass is at r + %.

Using the centre-of-mass formula from part (a):

5+h 3 1 4 1 s D 3< hr)
prriTy = ——pnr- + —prr- + —prr’ | r+ —

3 4 2 3 4
prr 2
=73 (3+4h+ h?)

Since h > 0, the right-hand side is positive, so G’ lies on the positive side of O.

When the solid hangs freely in equilibrium, G’ is vertically below B. Also, OB is perpendicular to
OG', so the right-angled triangle BOG' gives

OG/ T
=— = I1 =T

tan45° =
an OB r

Substituting into the moment equation and cancelling prr?:

5+h 34+4h+h?
3 12

4(5+h) =3 +4h+ h?

W2 =17

h=V17T  (h>0)
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3
>

2a

C(5,0)

* > T
o |

| d

| |

< a >

Section through the two axes

5. A composite solid consists of a solid hemisphere of radius 2a and a solid cylinder of radius a and height d,
where a > 0 and d > 0. Both components have the same uniform density.

The cylinder is attached below the plane face of the hemisphere, as shown in the diagram above. The centre
of this plane face is O. The axis of the cylinder meets the plane face at C, where OC = g. The z-axis
is directed from O towards C, and the y-axis is directed into the hemisphere, perpendicular to its plane face.

(a) Find the coordinates (Z, ) of the centre of mass of the composite solid in terms of a and d. [5]

The solid is now placed with the lower circular face of the cylinder on a rough plane inclined at an angle
f to the horizontal, where tan 6 = % The positive z-direction points directly down the line of greatest
slope, and the positive y-direction is perpendicular to the plane and away from it. The plane is sufficiently
rough to prevent sliding.

(b) Find the greatest value of d for which the solid can rest without toppling. Give your answer as an
exact multiple of a. [4]

Solution

(a) Let the common density be p, and let the masses of the hemisphere and cylinder be mpy and mc.
Using their standard volume formulae:

2 16
my = p(gﬁ(Qa)3) = gpwa?’, me = pra’d

The centre of mass of a uniform solid hemisphere of radius R lies on its axis, a distance % from its
plane face towards the curved surface. The centre of mass of a uniform solid cylinder lies halfway

along its axis. Thus the component centres are

3a a d
H(°*4>’ K(z"z)

For a composite solid, the centre-of-mass coordinates are
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Substituting and cancelling the common factor pma?:

o MT“(O)—FCZ(%) _ 3ad
YT T e g T 2(16a+3d)
J— La(de) +d(—4)  24a® - 342

e 4d 2(16a + 3d)

Hence the required coordinates are

(7,7) = 3ad 24a? — 3d?
DY =\ 2(16a + 3d)’ 2(16a + 3d)

(b) The downhill rim of the cylinder has z-coordinate % + a = 3. Both component centres lie downhill
of the uphill rim, so only downhill toppling is possible.

Resolve each weight into a component down the plane and a component perpendicular to the plane.
About the downhill rim, the downhill components give overturning moments and the perpendicular
components give restoring moments.

The hemisphere’s centre is d + %T“ above the plane and 37“ uphill of the rim. The corresponding

distances for the cylinder’s centre are g and a. For no toppling, therefore,

3 d 3
mHgsin9<d+ f) + mcgsin9§ < mchoseg +mggcosfa

. o . 2 _ 1 .
Substitute the masses from part (a), divide by pra®gcosf, and use tan 6 = 5:

21 3 4 217 3 2

Sad
3

3d? 4 20ad — 724> <0

d2
—|—2a2+z§8a2+ad

Since a > 0 and d > 0, the greatest permitted height is the positive root, where toppling is just about
to occur:

dmax -

~20a + /(200)% + 4(3)(72a%) 279 — 10
6 -3 ¢
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6. A self-righting ornament is formed by joining a solid hemisphere, a solid cylinder and a solid cone, as
shown in the diagram above. All three components are made from the same material of uniform density
and have a common axis of symmetry.

The hemisphere has radius r. The cylinder has radius r and height 7, and its lower face coincides with
the plane face of the hemisphere. The cone has base radius r and height h, and its base coincides with
the upper face of the cylinder.

The ornament rests on a horizontal plane at the lowest point O of the hemisphere, with its axis vertical
and the cone uppermost.

You may use the following results for uniform solids:
e The centre of mass of a hemisphere of radius r is ‘%’” from its plane face towards its curved surface.
e The centre of mass of a cone of height h is % from its base towards its vertex.

(a) Find, in terms of r and h, the distance d of the centre of mass of the ornament from O. Simplify
your answer.

(8]

b) Find the exact range of values of 2 for which the ornament is in stable equilibrium in this position,
T

so that it tends to return towards the vertical after a small tilt. (4]

Solution

(a) By symmetry, the centre of mass lies on the common axis. Let p be the common density, and measure
heights vertically upwards from O.

The centre of mass of a uniform solid hemisphere of radius R lies on its axis, a distance % from its

plane face towards the curved surface. The centre of mass of a uniform solid cylinder lies halfway
along its axis. The centre of mass of a uniform solid cone of height H lies on its axis, a distance %
from its base towards its vertex. Using mass = density X volume:

Component Mass m; Height z; above O
Hemisphere p(37r?) r— 3= b
Cylinder p(mr? x L) ry =0

Cone | o) | regeb=tet

For a composite solid, the centre-of-mass height is

> omz
dom;

z =
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Here z = d.

Substituting and cancelling the common factor pmr?:

2r b5r r br h{(3r h
3 872" 4 3\2 "4
- ror,k
3 2 3
e 5t o
_ 12 "8 "2 12
7r + 2h
6
25r2 + 12rh + 2h?
_ 24
Tr + 2h
6
_257‘2+12rh+2h2
4(7r + 2h)

(b) Let C be the centre of the hemisphere, so OC' = r. After a small tilt, the weight produces a restoring
moment about the point of contact precisely when the centre of mass is below C. If it coincides with
C, there is no restoring moment, so stable equilibrium requires the strict inequality d < 7.

Using part (a), with » > 0 and h > 0:

2512 + 12rh + 2h2
4(7r + 2h)

2512 4+ 12rh + 2h% < 28r% + 8rh

282 +4rh —3r2 < 0

A0 ot) oo

ﬁ + 1 ’ < §
r 2
Since % > 0, the required exact range is

h _
0<<\/3_1—\/E2
T 2 2
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