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1. The cubic equation
23 =5z +pr—q=0
where p and ¢ are positive real constants, has roots a, § and ~.

Given that
(@a=BP+(B-1)"+(r—a)?=14
(a) show that p =6

Given that

(b) determine the value of ¢

(c) Without solving the cubic equation, determine the value of (a« 4+ 1)(8+ 1)(y + 1)

[3]

[3]

[4]

(a) For the cubic
22 =522 4+pr—q=0

with roots «, 8,7, the relations between roots and coefficients give

a+B+vy=25, aff + By +ya=p

Now expand the given expression:

(=B +(B-7)+(—a)P=(*+5>—2a8) + (B2 +7* —2B7) + (+* + a* — 27a)
=2(a® 4+ B> +7%) = 2(af + By +70a)

Also,
o+ B2+ 9% = (a+B+7)? —2(af + By + @)

So
(a=B2+(B-=7)*+(—a)P=2((a+B8+7)?—2(aB+ By +7a) — 2(af + By + ya)
=2((a+B+7)* —3(af+ By + 7))

Substituting the known values,

14 = 2(5% — 3p)
14 = 2(25 — 3p)
7T=25—-3p
3p=18
p=26
Hence, p = 6.
(b) For this cubic,
afy=q
Also,
14_1 1 py+yatap
a By afy
_P
q

Given that this sum is 3,
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From part (a), p = 6, so

| |
w

Q oo Rlo
Il
N W

Hence, ¢ = 2.
(c) Expand:

(a+1D)B+1)(v+1)=afy+ (af+By+ya) +(a+B+7) +1

Using the root relations,

afy =q, af + By +ya=np, at+B+v=5

Therefore
(a+1)(B+1)(y+1)=qg+p+5+1
=24+6+5+1
=14
Hence,

(@+1)(B+1)(y+1) =14
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2. The quartic equation x* + bz® + cx? + dz + 3 = 0 has roots «, 3, v, . It is given that
atfty+d=-2 (a+1)?+ B+’ +(+1)*+0+1)? =6, o'+ HyT I+ =2
(a) Find the values of b, ¢ and d [6]

(b) Given also that
(a+1)P+B+1)3+(y+1)3+(6+1)>=20
find the value of a* + % + ~* 4 §* (2]

(a) For the monic quartic
2t + b+ ca® +dr+3=0

with roots «, 8,7, d, the standard relations between coefficients and roots give
at+p+y+d=-b
af+ay+ad+py+pi+yd=c
afy + afd + ayd + Byd = —d
afvyé =3

We are given
a+pB+y+d=-2

SO
—b=-2
hence
b=2
Next,
N S SNIDVE R S B0 4+ ayd 4+ aBd + afy
afyo
Therefore
—d
2= —
3
SO
d=—6
Now use
(a+1)2+B+1)*+(y+1)2+(0+1)>=6
Expanding,

?+ B+ + 8 +20a+B+v+0)+4=6
since there are 4 lots of 12.
Substituting a + f+ v+ J = =2,

?+ 82442 +6%24+2(-2)+4=6
A+ B+ +6°=6

Also
’ (0t Bty +8)2=a®+ B2 +1%+ 8+ 2B +ay +ad + By + 66 +0)
SO
(—2)* =6+ 2c
4=6+2c

2¢c = -2

c=—1
Therefore,
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(b) Using the extra condition
(a+1°+(B+1)°+(v+1)*+(6+1)>=20
expand:

Z root+1 Zroot3+32root2+32root—l—4

B+ B+ + 8 +3(2+ B2+ +6%) + 3@+ B+ +0)+4=20
Using a? + B2 +72+62=6anda+B+v+6= -2,

Hence

@+ B2 +43+ 63 4+3(6) +3(—2) +4=20
BB+ +18—-6+4=20
a’+ B2+ + 6% =4
From part (a), the quartic is
at 223 — 2% — 62 +3=0

so each root r satisfies
ot -2 —6r+3=0

and therefore
=23 4+ +6r—3

Summing this for r = «, 8,7, gives
B A+t = 2@+ B+ )+ (P AP A+ 0% +6(a+ By + ) — 12
= —2(4) + 6 +6(—2) — 12
=-8+6—-12—-12
=—26

Therefore,
at Byt 5t =26
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3. The equation 2® — 422 — x + 6 = 0 has roots «, 3 and ~.

Determine the value of

1 n 1 n 1
a+p B+y v+a
(4]
Let
si=a+f+y,  s2=ab+pPytaa, sz =afy
From

3 — 42 —r+6=0
comparing with 2% — 5122 + sox — 53 = 0, we get
s1 =4, So = —1, s3 = —6
We need

1+1+1
a+p B+ v+a

Taking a common denominator,

11 1 B+ +0+a)+(a+B)
a+f B+v v+a (a+B)(B+7)(7v+ )
_ 2(a+ B +7)
(a+B)(B+7)(7v+ )
281

(a+B)(B+7)(7v+ )

Now expand the denominator:

(a+B) B+ +a) = (a+B)(By+Ba+7"+7a)
= a®B+a’y +af® + B2y + oy + Bv* + 208y

Also,
(a+B+7)(aB+ By +va) =a?B+a®y +af® + By + ay® + 7% + 3aBy
So
(a+B8)(B+7)(y+a) =s152 — 53
Hence

1 1 1 2

+ + =
a+p B+ yta  si1s2—s3
Substitute s; =4, sy = —1, s3 = —6:

Therefore, the required value is 4.
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4. The quartic equation 3z* — 23 — 1022 + 82 + 4 = 0 has roots «, 3, v and 6.

Without solving the equation, find equations with integer coefficients whose roots are

1
and 5 [6]

d (6]

(a) Let
f(z) =32* — 2% — 1022 + 82 + 4
and let = a be any root, so f(a) = 0.

We want an equation whose roots are

) ) )

Qlr
| =

1
v

| =

Since the constant term of f(x) is 4, none of the roots is 0, so reciprocals are defined.
Let

1
Yy=—
T
so that

1
Substitute x = — into f(z) = 0:
Y

This gives

Multiply through by 3*:
3—y—10y? + 8y +4y* =0

Rearrange in descending powers:

4yt +8y° — 109> —y+3=0

is

SN

1
So the equation whose roots are —,
e

)

1
,yv

| =

4 +82% — 1022 =2 +3=0

(b) We now want an equation whose roots are

2 2 2 2
a—1"B-1"v—-1"6—-1

First check that 1 is not a root of the original equation:
f(1)=3—-1-104+8+4=4#0

soa—1,8—1,7v—1,5 — 1 are all non-zero.
Let
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Then
2 2
r—1=— = r=14+ —

Y

2
Substitute x = 1+ " into f(z) =0:

Now expand each power:

So

v ooyt
4 4 2
-10(1+-+—=5|+8{1+-]+4
y vy Y
Expand fully:
_<3++2++
Y Y

y3 oyt
40 40
—<10++2>+ 8
y 'y

Collect like terms:

24 6 40
0:(3—1—10+8+4)+<——+
vy

72 12 40 96 8 48
ey )\ )Ty

Of4f§+@+§ g
y oy ooy oyt

Hence

Multiply through by y*:
4yt — 6y3 4+ 20y% + 88y +48 =0

All coefficients are even, so divide by 2:
2yt — 3y3 + 10y* + 44y +24 =0

2 2 2 2
is
a-1"8-1"~v-1"6-1

Therefore the equation whose roots are

20 — 323 + 1022 + 442 +24 =0

8 24 32 16 6 12
0:3(1++2++>—(1++2+
y oy y oy

24 72 96 48)( 6 12
_|_

2\* 2\ 2\ 2 2
3<1+) —<1+) —10<1+) +8<1+>+4:0
y y y y
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5. The cubic equation 22 + 22 — 2o — 1 = 0 has roots «, § and 7.

1 1 1
ar1r g1 and oy (3]

(#1)2 i (ﬁ)Q " (ﬁ)g 2]

(a) Find a cubic equation whose roots are

(b) Find the value of

(c) Find the value of

[2]

(a) Since z = —1 is not a root of 2® + 22 — 2z — 1 = 0, the quantities

1 1 1
a+1l" B+1 ~+1

are all defined.
Let

SO

Substitute into the given cubic:
1—y\°  [(1-y\° 1-
(5) + (5Y) = (5%) -0
Y Y Y

1—y?+yd -y’ -2°1-y) —y*=0

Multiply through by 13

Expanding:
(1=3y+3y> = ")+ (y— 20" +4°) —2y° +2¢° —y° = 0
Collecting terms:
1-2y—y*+4y°=0

So
P —yP—2y+1=0
When x = a, 3,7, the corresponding values of y are

1 1 1
a+1l" B+1 ~+1

so the required cubic equation is
vyt —2y+1=0



https://danieljsmith.org

Solutions - Roots of Polynomials danieljsmith.org

(b)

(c)

Let the roots of
V-2 -2y +1=0

be p, q,r, where
1 1 1

atr1 1T N F1

p:

From the cubic,
ptg+r=1, pq +pr+qr=—2

Now
2 2 2 2
p g +ri=({p+q+r) —2pg+pr+qr)
=12 -2(-2)
=5
Therefore

1 \? 1 \? 1 \?
(1) + (7) + (553) =3

Using the same roots p, ¢, r, we also have

pgr = —1
Use
P+ +rP=p+q+71)°=3@+q+7)(pg+pr+qr)+ 3pgr
Hence
PP+ q®+r® =1% = 3(1)(-2) + 3(-1)

=14+6-3

—4
Therefore

1 \? 1 \° 1 \?
(a+1) +<ﬁ+1> +<v+1> -
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6. The equation 2% — 1422 + 562 + ¢ = 0, where c is a constant, has three roots in geometric progression.

(a) Determine the roots of the equation [6]

(b) Find ¢ [1]

(a) Let the three roots be

a
) a, ar
r

where r # 0.

For the cubic
22— 1422 + 562+ ¢ =0

the sum of the roots is 14, and the sum of the products of the roots taken two at a time is 56.

So

2 +a+ar=14

r

1

a (— +14+ r) =14

r

Also,
a a
(;) (a) + alar) + (;) (ar) = 56

Cl2
— 4+ a’r+a®> =56
,

1
a2<—+1—|—7”>=56
r

Now divide the second equation by the first:

@(E+147) 56
a(l+1+r) 14

SO

Substitute into

to get

Multiply through by 2r:

242+ 212 =7r
22 —5r4+2=0

Factorising,

SO
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Hence the roots are

4
—, 4, 4(2
>0 4 42)
that is
2. 4, 8
So the roots are .
(b) The product of the roots is
2.-4.8=64

For

the product of the roots is —c.
So

and therefore
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7. The quadratic equation
2 —kr+1=0

where k is an integer, has roots « and (.
(a) Write down, in terms of k where appropriate, the value of a + § and the value of o [2]
(b) Determine, in simplest form in terms of k, the value of

(@®+8)+ (B> +a) (3]

(c) Determine a quadratic equation which has roots
a?+ B and 2 +a

giving your answer in the form pa? + gz +r = 0, where p, ¢ and r are integer values in terms of k& [4]

(a) For the quadratic 22 — kz + 1 = 0, we use

+ 5 coefficient of x 3 constant term
« = - o = —
coefficient of 22’ coefficient of z2
50 k 1
-k =-=1
atB=-=k  af=;
Hence

a+pB =k, af =1
(b)

(4B +B*+a)=a*+p8*+a+4
=(a+B)* - 228+ (a +f)

=k?—2(1)+k
=k +k-2
Hence the value is
K +k—2

(c) Let the new roots be
a4+ 6 and fZ+a

Their sum is, from part (b),
(@®+B)+ (B +a)=k>+k—2
Now find their product:

(@®+B)(B*+a)=a’B +a® + B+ af
= (ap)? +a’ + % + ap
=1+a’+p°+1
=a’+ 4 +2

Next,

o+ 82 = (a+ ) - 3aB(a+B)
= k> —3(1)(k)
=k -3k
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So the product is
(@ +B)(f*+a)=k —3k+2

A quadratic with roots r; and 7y is
a? — (ri+7r2)x+rire=0
Therefore the required equation is
2 2 3 _
z*— (k" +k—-2)x+ (k°-3k+2)=0
So, in the form pz? + gz +r =0,
2 — (K +k—2)z+ (k*-3k+2)=0

withp=1,¢q=—(k>+k—2), r =k% -3k +2.
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8. The roots of the equation
22+ 522 —4z —24=0

are «, # and 7.

Without solving the equation,

(a) write down the value of each of

atf+y  af+fy+ra afy (1]
(b) Hence determine the value of
(i)
1 1 1
aB By 3 2]
(i)
(@ +2)(B+2)(v+2) [2]
(i)
a?B% 4 3242 +12a? [3]

. soution

(a) For a monic cubic
2} +br?tcx+d=0

with roots «, 3,7,
a+f+y=-b, af+ By tya=c, afy=—d
Here
22 +5x% — 4 —24=0
SO
at+fB+y=-5  af+By+ya=-4,  afy=24

Therefore the values are —5, —4 and 24.

(b) Using
a+p+y=-5, af + By +ya=—4, afy =24
(i)
1 1 1 ¥ @ B8

—t— 4+ — = + +

af By ya  aBy  aBy  apy
_a+fB+y

afy
-5
T2
Hence
1 1 1 5

af By oya 24

(@+2)(B+2)(v+2) = (af +2a+28+4)(y+2)
=afy+2ab+2ay+20y+4a+40+4v+8
=afy+2(af+ By +rya)+4(a+B+7)+8
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Substituting the values from part (a),

(+2)(B+2)(y+2) =24+ 2(—4) + 4(—5) + 8

=24—-8—-20+8

=4
Therefore

(@+2)(B+2)(v+2) =4
(iii) Start with
(B + By + )

Expanding,

(B + By +ya)? = a®B% + B2 + 720 +2a8 - By + 267 - ya + 2y - of3
= a8 4 5292 +2a% + 208%y + 208+% + 2028y
=a’B* 4+ By + 7% + 2aBy(a+ B +7)

So
o?B% + B2y +72a? = (aB + By +va)® — 2aBv(a+ B+7)
= (—4)> — 2(24)(-5)
= 16+ 240
— 256
Hence

o?B% + B9 + y2a® = 256
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9. The roots of the equation 323 4+ px? — 122 — 8 = 0 are «, 3 and .

(a) Given that o + 8+ v = 2, write down the value of p [1]
(b) Write down values for a8 + 8y + va and afy 1]
(c) Hence find the value of (1+ 1) (1 + %) (1 + %y) [3]

(a) For 3z + pz? — 122 — 8 = 0, the sum of the roots is

a+5+7=—§

Given a+ f+ v = 2,
SO

Therefore, p = —6.
(b) For 322 + paz? — 122 — 8 = 0,

—12
a5+/37+704=T=—4

and 8 8
abr=-5=3

Therefore,

8
af + By +ya = —4, aﬂ7=§

Q+1>@+1)@+1):m+ww+nm+w
a B Y afy
afy+af+py+ya+a+B+y+1

afy

Using the results from parts (a) and (b),

8
a+pB+y=2, af + By +ya = —4, a/)’v:g
SO
1 1 1 8 44241
(1+—)(1+—><1+—)—3 :+
B Y 3
8
8
3
5
_3
B
3
5
8
Therefore,

co

()00
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10. The roots of the equation z + 222 — 52 — 3 = 0 are a, 8 and 7.
(a) Find o?8% + %92 +42a? [4]

(b) Find an equation with integer coefficients whose roots are o, 32 and ~2 [4]

(a) Since «, 8 and v are roots of
2’ +22° —52—3=0

the standard relations between roots and coefficients give
atf+y=-2  af+py+ya=-5  afy=3

Now expand
(@B + By +7a)? = a®B° + 29 +72a” + 2(aB) (B7) + 2(87) (va) + 2(ya)(af)
= o’ + B9 +9°a” + 208y + 287 + 29073
= a?f% + B9 +9%® + 2aBy(a+ B +7)

So
a?B% + By +4%a? = (aB + By +va)? — 2aBy(a+ B +7)
= (=5)* —2(3)(-2)
— 925412
—37
Hence

04252 +B2,y2 —l—’y2a2 =37

(b) Let the required equation have roots a2, 42 and 2.
First find their sum:

o’ + 52+ 9% = (a+ B +7)? = 2(af + By +70q)
= (-2~ 2(-5)
=4410
—14

From part (a),
A28 + B2 + 72a? = 37

Also,
a262 2 — (a67)2 — 32 — 9

So for roots a?, 3%,+2, the monic cubic is

23 — (sum of roots)z? + (sum of pairwise products)z — (product of roots) = 0

Therefore
22— 1422 + 372 —9=0

So the required equation is
23— 142 + 372 -9 =0
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11. The graph of y = 2® + 322 + px — 20, where p is a constant, crosses the z-axis at three points whose
z-coordinates are equally spaced.

Find the roots of
22 4+322 +pr—20=0 (6]

Since the three roots are equally spaced, let them be

For
23 4+322+pr—20=0

the sum of the roots is —3, so
(a—d)+a+(a+d)=-3

3a=-3

a=-—1
Also, the product of the roots is 20, because for a monic cubic 2® + --- — 20, the product of the roots is
—(—20) = 20.
So

(a —d)a(a+d) =20
Now
(a—d)(a+d) =a®—d?

SO

a(a® — d*) =20

Substitute a = —1:
(-1)(1—d*) =20

—14+d*=20
d* =21
d=+21

Therefore the roots are
a—d=-1-+21, a=-1, a+d=-1+V21
Hence the roots of the equation are
—1-v21, -1, —-1++21
(Checking: the pairwise sum is
(=1 = V21)(=1) + (=1)(=1+ V21) + (-1 — V21)(-1 + v21) = —18

so p = —18, which is consistent.)
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12. The cubic equation 2% — 3z + 1 = 0 has roots «, 3 and .

1 1 1
(a) Find a cubic equation whose roots are o 13- 1 7-1 (3]
1 1 1
(b) Hence find the value of -1 + G- + I [2]
. 1 1 1
(¢) Find also the value of CEE + EEE + S [3]

(a) Let

so that

We substitute this into the given equation

2 —-3r+1=0

1\* 1
1+-) —3(14-)4+1=
<+t) 3(+t)+ 0

Then

3 3 1 3
14-4+=+4+=]-3—-4+1=0
( + . + o + t3) . +
1 3
t_3 + t_2 —1=0
Multiply through by t3:
1+3t—t*=0
t*—3t—-1=0
So the cubic equation whose roots are
1 1 1

is

2 —3t—1=0
(b) Let the roots of
2 —3t—1=0
be
1 1 1
ri = To == ——m— T = ——
1= T2 31’ 3 -1
For the cubic
B4+0t2—3t—1=0
we have
7’1-1-7"2-1-7"3:0, 7"17’2+7‘2T‘3+7’37‘1=—3
Now

(ri+72+ 7"3)2 = rf + r% + r% + 2(rire + rorg + 1r371)
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So
2, .2 2 _ 2
ri+ry+rs = (r1+ro+1r3)° — 2(rire + rors + r3ry)

=0%-2(-3)

=6
Hence

1 1 1

+ + 6

(=12 (B-1% (v-1)2
(c) Using the same roots 71,72, 3, each root satisfies
P —3r—1=0

SO
P =3r+1

Multiply by 72:
5 =2 =r?2(3r + 1) = 3r3 + 12

Now substitute again for 3:
r®=303r+1)+1°
=9r 43472
Summing for 71,719,735 gives

s+ =9(r +r2+73) +3-34+ (17 + 75 +13)
= 9(0) +9+6
=15

Therefore
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13. The quartic equation % — 222 + 22 + 1 = 0 has roots «, 3, 7, 6.

(a) Find a quartic equation whose roots are o, 3%, 42, §2 and state the value of a? + 5% + % + 6. [5]
(b) Find the value of ab + 3% + % + 6. [3]
(c) Find the value of o8 + % + % + 8. [2]

(a) Let
flz) =2 —222 422 +1

If f(a) =0, then f(a)f(—a) = 0. So a? is a root of the equation obtained from f(z)f(—z) = 0 after
writing everything in terms of 22. The same will then be true for 32,~2,§2.

Now
fl@) =@ =12 +2z,  f(-2)=(2>-1)> -2z

So
f@)f(—z) = ((2® = 1)* + 22) ((2* — 1)* — 2z)
= (2% - 1)* — 42
Let y = 22, Then
(a2 —1)* —da? = (y— 1) — 4y
=yt =4y +6y° —dy+1— 4y
=yt =4y’ +6y° -8y +1
Hence the required quartic equation is

yt =4yt 46y —8y+1=0

Its roots are o2, 3%, ~2, §2.

If these roots are y1, Yo, y3, ¥4, then for a monic quartic,

Y1 + Y2 + y3 + ya = —(coefficient of y*) = 4
Therefore
o®+ B2+ 462 =4
(b) Let the roots of
h(y) = y* — 4® + 64> — 8y + 1
be Y1,Y2,Y3,Y4, where
Y1 20[27 Y2 252’ 3 :'727 Y 2(52
Define
@ =yi + Yy + Y5+ i
Then
a® 4+ % + 45 + 6% = g5
For a monic quartic y* + ay® + by? + cy + d, the power sums satisfy
@1 +a=0
g2 +aq1 +2b0=0
g3+ aga +bqg +3c=0



https://danieljsmith.org

Solutions - Roots of Polynomials danieljsmith.org

(c)

Here a = —4, b=16, ¢ = —8, so

g1 —4=0
G2 —4q1 +12=10
g3 —4q2 +6q1 —24=0

From the first equation,

@ =4
Then
g2 —4(4)+12=0
SO
g2 =4
Now

g3 —A(4) +6(4) —24 =0

which gives
qs = 16

Therefore
a6+66+76+56:16

Here
o+ B8+ + 6% =g

Using the next power-sum relation for the same quartic,

gs —4q3 +6g2 —8¢1 +4 =0

Substitute ¢ = 4, ¢ =4, g3 = 16:

g1 — A(16) + 6(4) — 8(4) +4 =0
que—64+24-32+4=0
qe—68=0

So
qq = 68

Hence
a® + % +9% + 0% =68
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14. The equation z* — 223 — 22 — 22+ 1 = 0 has roots a, 3, v and 4.

1 1 1 1
(a) Show that a quartic equation whose roots are a + —, 8+ 3 v+ — and § + 5 is
«Q Y

w* —4w® — 2w + 120 +9=0 3]

(b) Hence determine the exact roots of the equation 2% — 223 — 22 — 2241 =0. [3]

(a) Let
flz2) =22 =228 - 22— 2241

and let z be any root of f(z) = 0.

Since the constant term is 1, no root is 0, so we may divide by z2:

2 1
22—22—1——+—2=0
z oz

1 1
<22+—2)—2(z—|——>—120
z z

Now let
w=2z+ -
z
Then
1\2
224——2:(2—1——) —2=w?-2
z
SO

(w? —2)—2w—1=0
w? —2w—-3=0
(w—=3)(w+1)=0

So the possible values of w are 3 and —1.

Also, the polynomial is unchanged when its coefficients are reversed, so if z is a root then % is also a
root. Therefore the four roots «, 3,7, occur in reciprocal pairs, and the four values

1 1
e
v+ -, +(5

1 1
Ol—|——, ﬂ"__a
a B Y

are
3,3,-1,—1

Hence the required quartic is

(w—3)*(w+1)* = (w? — 2w — 3)*
=w* — 4w — 20w + 120w+ 9

So the quartic equation is
wt — 4w® — 2w + 12w+ 9 =0

(b) From part (a), the corresponding values of
w=z+ -

are 3 and —1.



https://danieljsmith.org

Solutions - Roots of Polynomials danieljsmith.org

If w =3, then
1
z+-=3
z
22—-3241=0
So
2_31\/5
2
If w = —1, then
z4+—-=-1
z
Z24241=0
So
z_—lﬂ:i\/§
=—

Hence the exact roots of
242322 _92:41=0

are
34v5 3—-v5 —1+ivV3 —-1-iV3
2 2 2 2
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15. The quartic equation 2% — 223 + 322 — 42 + 1 = 0 has roots «, f3, v, 9.

1 1 1 1
(a) Find the value of S + 3 + 5 + 5

1 1 1

1
(b) Find the value of = + 5 + - + =

(c) Find the value of

L AR N S AR A R AR R A
a B B v 9 vy 0 « 5 o B

[2]
[2]

[5]

(a) For the monic quartic
2t —22% 4322 —4x+1=0

with roots «, 8,7, d, the standard root relations give
at+B+y+d=2

af+ay+ad+PBy+ L0+ =3
afy + afd + ayd + Byé =4

afyé =1
Hence
l+l+l+1:676+a75+aﬁé+aﬁy
a B v 0 afyé
4
1
=4
So L 1
-+ -+ -+ -=4
o
(b) Let
. 1 . 1 . 1 . 1
1—a) 2—57 3—77 4—6

Then from part (a),
ri+ret+r3try=4

Also
1 1 1 1 1 1
riry + 11713 + 1174 +1ror3 + 1rors + 1374 = % a_7+$+5_7+,%+%
Y0+ Bo+ By +ad+ay+af
N afyé
_af+ay+ad+ By+ o+
N afyé
3
1
=3
Now use

(ri+re+r3+ 7“4)2 = r% + r% + 7'32, + TZ + 2(rire + 11rg + 1Ty + rors + rory + raryg)
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So

So

(c) Using the same notation, let

So the required expression is

Expanding,

From parts (a) and (b),

Therefore

1 1 1 1

_ 42
§+§+?+5—2—4 —2(3)
=16—-6
=10
1 1 1 1
E+§+?+ﬁ:10

S=ri+ro+rs+ry=4

Then each bracket is the sum of all four reciprocals except one:

1 1 1
—+—+—:S—7’4
a B~

1 1 1
—+—+—:S—7‘1
B v 4

1 1 1
—+—+—:S—7’2
¥y 0 «

1 1 1

44 =9
staTh "3

(S —71)2 4+ (S —12)? + (S —713)> + (S —r4)?

D (S =) =4(47) — 2(4)(4) + 10
=1

= 64— 32410

=42

So the value of the expression is

42
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