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1. A curve has equation

3
= 2 —
4 z+1
(a) State the equations of the horizontal and vertical asymptotes of this curve. [2]

(b) The straight line y = 3z 4 ¢ meets the curve. Show that the z-coordinates of the points of intersection
satisfy

32"+ (c+ 1)z +(c+1)=0 3]

(c) Tt is given that the line y = 3z + ¢ is a tangent to the curve.

(i) Without using calculus, find the two possible values of c. [3]
(ii) Hence find the coordinates of each point of contact. [4]
(a) For
., 3
v= z+1

3
as ¢ — £o0o, the term —— — 0, so y — 2.
rz+1

Hence the horizontal asymptote is
The denominator is zero when
Hence the vertical asymptote is

(b) At a point of intersection, the y-values are equal, so

3r+c=2— 3
z+1
Rearranging,
3
3 —2=—
x4+ c 1

Multiplying by (x + 1),
Br4+c—2)(z+1)=-3

Expanding,

322 + 3z + (c—2)x + (¢ —2) = -3
322+ (c+Dax+c—2=-3
322+ (c+Dax+(c+1)=0

Hence the z-coordinates of the points of intersection satisfy
32° + (c+Dax+(c+1)=0

(c) (i) If the line is a tangent, the two points of intersection coincide, so the quadratic in part (b) has
equal roots.

Therefore its discriminant is zero:

(c+1)2—4(3)(c+1)=0
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So
(c+1)2=12(c+1)=0
(c+D((c+1)—12)=0
(c+1)(c—11)=0
Hence

c=—-1 or c=11
(ii) From part (b), the tangent case gives a repeated root of

322 + (c+Dx+(c+1)=0

SO
_ —(e+1) e+l
2-3 6
If ¢ = —1, then
—-1+1
= — :0
’ 6

Using y = 3z + ¢,

So one point of contact is

If ¢ =11, then

Using y = 3z + ¢,

So the other point of contact is

Hence the points of contact are
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z+1

2. Th Ch ti =\

e curve as equation y = —5—
(a) Find the equations of the asymptotes of C. (2]
(b) Find the coordinates of any stationary points on C. (4]
(c) Sketch C, stating the coordinates of the intersections with the axes. [3]

: . r+1 .
(d) Sketch the curve with equation y = ‘m and find in exact form the set of values of z for
x? — 4z

which 2|z + 1| > |2? — 4z + 3|. (6]

(a) Factorising the denominator,
2 —dr+3=(x—1)(x—3)

so the vertical asymptotes are
x=1 and z=3

Since the degree of the denominator is greater than the degree of the numerator, y — 0 as * — Fo0.
Hence the horizontal asymptote is
y=0

So the asymptotes are x =1, z = 3 and y = 0.
(b) Using the quotient rule,

dy _ (¢® =4z +3)(1) — (z +1)(2z — 4)

dr (22 — 4z + 3)?
2?2 —dx +3— (222 — 22— 4)
- (22 — 4z + 3)?
7— 2z — 22
- (22 — 4x + 3)?

d
Stationary points occur when d_y =0, so
T

T—20—22=0

2242 -7=0
-2+ /4428
mz%z—li%@

To find the corresponding y-values, use

P42 —T7=0 = 22=7-22

SO
2 — 4o +3=(7T—2x) — 4z +3 =10 — 6z
Hence
oz +1
YT 10— 62
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For z = —1 — 2V/2,

e
10— 6(—1—2v2)
v

16+ 12V2
~—2v/2(16 — 12v/2)
162 — (12V/2)2
_ —32V2+48

-32

3
= 2 — —
2

Y

For x = —1+2\/§,

2V2
10 — 6(—1+2v/2)
2V2
16 — 12v/2
2v/2(16 + 12v/2)
162 — (12/2)2
322+ 48

—32

2

y:

Therefore the stationary points are
3 3
—1—2\/5,\/5—5 and [ —142V/2, —\/5—5

(c) The sketch should look like:

Wl

For the z-axis, set y = 0. Then

r+1

2 —4x +3 T .

so the z-intercept is
(_17 0)
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For the y-axis, set © = 0. Then

_0+1 1
S 0-0+3 3
so the y-intercept is
1
0. =
(03)
Also, from
z+1
Y= 77—
(x —1)(z —3)

the curve is below the x-axis on (—oo,—1) and (1, 3), and above the z-axis on (—1,1) and (3, c0).
Together with the asymptotes and the stationary points from part (b), this gives the sketch shown.

(d) The sketch should look like:

1
3
+/
-1

This is the graph from part (c) with the parts below the z-axis reflected in the z-axis. So it has the
same asymptotes x = 1, x = 3, y = 0, and there is a cusp at (—1,0).

Now solve
2z + 1| > |22 — 4a + 3|

Both sides are non-negative, so squaring keeps the inequality in the same direction:

4(z + 1)

> (2% — 4z + 3)?
0>

(

(2% — 4o +3)* —4(x +1)?

(2 -4z +3-2(x+1))(2* — 4z +3+2(x+1))
(22 — 62+ 1)(2® — 22 + 5)

Now
2?2~ 20 +5=(r—1)* +4>0 foralla

so we need
22 —6x+1<0

Solving 22 — 6z +1 =0,

x:L ‘/23674:312\@

Since the quadratic opens upwards, it is negative between its roots. Therefore

3-2V2<x<3+2V2

So the set of values of x is
3-2V2<z<3+2V2
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3. The diagram shows the curve C' with equation

b5 +ax—b
YT 2T ta
where a and b are integers.
The vertical asymptotes of C' are x = —1 and z = 2.
(a) State the equation of the asymptote of C' that is parallel to the z-axis. [1]
(b) Use the vertical asymptotes to find the value of @ and the value of b. [2]
(c) Hence, or otherwise, find the coordinates of the point where C' meets the y-axis. (1]
(d) Without using calculus, show that the line y = 4 does not intersect C. [5]

(a) The degrees of the numerator and denominator are both 2, so the asymptote parallel to the z-axis is
given by the ratio of the leading coefficients:

So the asymptote is
y=>5
(b) Vertical asymptotes occur where the denominator is zero.

So the quadratic
2 4+br+a

has roots £ = —1 and = = 2.

Hence
2 +br+a=(z+1)(z—2)
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(c)

(d)

Expanding:

Comparing with 22 + bz + a, we get

The curve meets the y-axis when x = 0.

Using a = -2 and b = —1:

500 +a(0)=b b (=) 1 1
Y0260 ta o -2 -2 2
So the point is
1
(0-3)
Using a = —2 and b = —1, the curve is
75x272x+1
a2z —2

To find any intersection with the line y = 4, solve

5x2 — 2+ 1
wﬂ;

2 —x—2

So
502 — 2z 4+ 1 =4(z —z —2)

Expanding the right-hand side:
502 — 2+ 1 =42% — 4z — 8

Bring all terms to one side:
52 —2z4+1—42° +42+8=0
2®+2249=0
Now consider the discriminant:
A=2%—-4(1)(9) =4—36=—32
Since

the equation has no real solutions.

Therefore there are no real values of x for which y = 4, so the line y = 4 does not intersect C.
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4. The function f is defined by

fo) = —233224; 1_1; 0 r o)
(a) Find the range of f (5]
(b) Find the coordinates of the two stationary points of the graph of y = f(z). [2]
(¢) Show that the graph of y = f(z) has an oblique asymptote and find its equation. [2]
(d) Sketch the graph of y = f(z), showing clearly the asymptotes and stationary points. [4]

(a) Let y = f(z). Then
_ —222 + 11z — 20
B 2z -3

SO

y(2x —3) = —22% + 11z — 20
202 + (2y — 1)z + (20 — 3y) =0

For a given value of y, this is a quadratic in z. Real values of z exist if and only if the discriminant is
non-negative:
A = (2y — 11)% — 4(2)(20 — 3y)
= 4y* — 44y + 121 — 160 + 24y
= 4y? — 20y — 39
=(2y—13)(2y +3)

So we require
(2y —13)(2y +3) >0

This gives
< 3 o > 13
_2 r =
Y B y=5

We must also check that the solution is not the excluded value x = % Substituting x = % into
222 + (2y — 1)z + (20 — 3y)
gives
3\? 3
2 3 + (2y — 11) 3 +(20—-3y)=8+#0

SO x = % is never a root. Hence every y satisfying the inequality is genuinely taken by the function.
Now check the endpoints.

Ify= %, then

1
2x2+2x+§=0
4a* +4x4+1=0

(22 +1)2=0

SO = —

N[ =
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(b)

(c)

Ify= —%, then

49
2332—14:64-?:0

422 — 282 4+ 49 =0
(22 —7)2=0

[N

SO T =

Thus the endpoints are included, so the range of f is

(=00, =53] U [500)

First rewrite f(x) as
—22% + 112 — 20 = (—x +4)(2z — 3) — 8
S0
[0 P p—
B 2z — 3
Differentiate:

fl(x) = 4 (—z+4-8(2z—-3)7")

dx
=—1-8(-1)(2)(2z — 3)72
16
= —1 _—_—
+ (2z — 3)2
For stationary points, set f’(x) = 0:
16
14— =0
s —3p
1
16y
(2z — 3)2
(2z — 3)* =16
o
20 —3 =44
giving
1 7
r=——- or T =_
2 2

So the stationary points are

1 7T 3
(%) = (3-2)
From part (b),
8
= — 4—
Hence 8
— (= 4) = —
f@) = (ot ) = -
As x — +o0,
__8 —0
202 — 3

So the graph approaches the line y = —x + 4. Therefore the oblique asymptote is
y=—-c+4
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(d) The sketch should look like:
Y

[C][er]

T

I
I
|
|
I
I
I
I
I
I
I
I
I
|
|

-4
I
I
I
l
I
I
I
|
|
I
|
I
I
I
l
I
I
I

Key features for the sketch are as follows.

From part (c), the oblique asymptote is

y=—-zr+4
Also, from
8
= — 4—
asz— (3) ,22-3—-07,s0
f(x) = +oo
and as z — (%)Jr, 2x —3 — 0T, so
flx) = —o0
Hence there is a vertical asymptote at
e
2
Also g
(= 4) = —
f@) = (—o+4) =~

so for z < % this is positive, meaning the left-hand branch lies above the oblique asymptote, and for
x> % it is negative, meaning the right-hand branch lies below it.

From part (b), the stationary points are

< 1 13) (7 3)
—=,2) and (=%,-%
272 2°7 2

The y-intercept is

20
so the graph passes through (0, 7).

For z-intercepts, solve
—22% + 11z —20 =0

Its discriminant is

112 — 4(—2)(—20) = 121 — 160 = —39 < 0
so there are no z-intercepts.

Finally, from part (a), the graph has no points with

2 Y5

This gives the required sketch.
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2
-6
5. The curve C has equation y = %, where a > 0.
x
(a) Find the equations of the asymptotes of C. (3]
(b) Show that C has no stationary points. [4]

(¢) Sketch C, stating the coordinates of the point of intersection with the y-axis and labelling the

asymptotes. [3]
(d) (i) Sketch the curve with equation y = ﬁ%ﬁ‘ [2]
(ii) On your sketch in part (i), draw the line y = a + 1. [1]

(iii) It is given that ﬂ%ﬁ <a+1lfor-1ll<z<-3and0<z<4.
Find the value of a. (2]

(a) Divide the numerator by = + 1:
2 +ar—6=(x+1)(z+a—1)—(a+5)

SO
2 +ax—6 n 1 a+5

= =X a—1—

y x+1 r+1

Hence the asymptotes are
x=-1 and y=x+a-—1

(b) From part (a),
y=x+a—1—(a+5)(z+1)""

SO

a+5
1 5 N2=14+——1—
+(a+5)(z+1) +<x+1)2

dy
de

Since a > 0, we have a + 5 > 0, and for = # —1,

a+5 >0
(x+1)2
Therefore
dy
— >0 forall z# —1
dx

d
A stationary point would require d—y = 0, which never happens.
x

Therefore C' has no stationary points.
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(c) The sketch should look like:

The point where the curve meets the y-axis is found by putting = = 0:

02 0)—6
0+1
so the point is (0, —6).
Also,
a+95
_ 1) =—

y—(eta=1) z+1
so for x < —1 the curve is above the oblique asymptote, and for x > —1 it is below it.
From part (b), the curve is increasing on both sides of x = —1, with

y— +ooasx — —17, y— —occasx — —1"

(d) (i) The sketch should look like:

|
|
|
!
!
!
|
|
|
|
|
|
|
|
!
!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
T
|

1

This is obtained by reflecting the parts of C' below the z-axis in the z-axis.
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(ii) Draw the horizontal line y = a + 1 on the sketch:

(iii) The endpoints of the given intervals are where

22 +ax—6
r+1

‘zaﬁ—l

From the intervals
—1ll<zx<-3 and O<z<4

we can see that = 0 is one boundary point. So

02 0)—6
6=a+1

a=25
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6. The function f is defined by

22 +2x—3
== eR

where p is a constant.

The graph of y = f(x) has only one asymptote.
(a) Write down the equation of the asymptote. (1]
(b) Find the set of possible values of p. [4]

(c) Find the coordinates of the points at which the graph of y = f(z) intersects the coordinate axes. [3]

(d) A curve C has equation

22 +22 -3

22 —x+4

The curve C has a local maximum at the point M as shown in the diagram.
The line y = k intersects curve C.

(i) Show that
15k% —8k — 16 < 0 [5]

(ii) Hence, find the y-coordinate of point M. [2]

Solution

(a) The numerator and denominator have the same degree, and both have leading coefficient 1.
So the horizontal asymptote is
y=1
(b) From part (a), one asymptote is already y = 1.

For the graph to have only one asymptote, there must be no vertical asymptotes. Vertical asymptotes
would occur if the denominator
2+ pr+4

had any real roots.

Therefore we require the quadratic 22 + pz + 4 = 0 to have no real solutions, so its discriminant must

be negative:
P> —4(1)(4) <0

p?—16 <0
p? <16
—-4<p<4
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(c) To find the z-intercepts, set y = 0. Then the numerator must be zero:
22420 -3=0
(z+3)(z—1)=0
r=-3 or z=1
So the possible points are (—3,0) and (1,0).
We must also check the denominator is not zero at these values. Since from part (b), —4 < p < 4,
(=32 +p(-3)+4=13-3p>1

and
P4+p(l)+4=p+5>1
so both are non-zero.

Hence the graph intersects the z-axis at

(=3,0) and (1,0)

To find the y-intercept, set x = 0:
_02+20)-3 -3

YT 02 p0)+4” 4

So the graph intersects the y-axis at

(d) (i) The line y = k intersects the curve

B 22 +22 -3
22—z 44
when
b 22 +22 -3
2 —x+4
First note that )
1 15
2
_ 4= _ it
- —x+ <x 2) + 1 >0
for all real x, so we may multiply through safely.
Hence
2?22 -3 =Fk(2® -z +4)
Rearranging,
z? 4+ 2z — 3 = ka® — kx + 4k
0=ka? —kx+4k —2®> — 22+ 3
0=(k—1)2? - (k+2)x + (4k +3)
Equivalently,

(1—Fk)2®+ (2+k)z — (3+4k) =0

For the line to intersect the curve, this quadratic in  must have at least one real root. So its
discriminant is non-negative:

(2+k)? —4(1 — k) (—(3+4k)) >0

(2+k)?+4(1—k)(3+4k) >0
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Now expand:

(2+k)?+401-k)(3+4k) >0
(k% 4 4k +4) + 4(3 + 4k — 3k — 4k*) > 0
k> 44k +4+4(3+k—4k*) >0

k? 4+ 4k +4+12 + 4k — 16k* > 0
—15k* +- 8k +16 >0

Therefore
15k* — 8k —16 < 0

as required.

(ii) At the local maximum, the horizontal line y = k just touches the curve, so there is exactly one
value of . Therefore the discriminant is zero, so

15k2 — 8k — 16 =0

Solving,
8j:\/ 5)(—16) _ 8464 +960 _ 8+ 32
2(15) 30 30
So
40 4 —24 4
“3°3 7 P Ts

The local maximum has the larger y-value, so the y-coordinate of M is

4

3
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7. A curve has equation

_ 2 -9
A
(a) Write down the equations of the asymptotes to the curve. [3]

(b) Sketch the curve, indicating the coordinates of the points where the curve intersects the coordinate
axes. [5]

(c) Hence, or otherwise, solve the inequality

A
2 —4 (2]

Solution
(a) Vertical asymptotes occur where the denominator is zero:
2’ —4=0

SO
T =+2

For large |z|, the numerator and denominator have the same degree, so the horizontal asymptote is the
ratio of the leading coefficients:

y=1
Hence the asymptotes are x = —2, x = 2 and y = 1.

(b) The sketch should look like:

[

First write

Since the equation depends on 22, the curve is symmetric about the y-axis.
The x-intercepts are found by setting y = 0:

x2—9_

2 _
] 0 = z2z°-9=0

SO
T =13

giving intercepts (—3,0) and (3,0).



https://danieljsmith.org

Solutions - Rational Functions danieljsmith.org

(c)

The y-intercept is found by setting x = 0:

0-9 9
V=017
so the point is .
(o)
Also,
y=1- x25 4

so the curve never meets the line y = 1.

For |z| < 2, we have 22 —4 < 0, so —

5
1 > 0 and hence y > 1.

72 —
For 2 < |z| < 3, the numerator is negative and the denominator is positive, so y < 0.
For |z| > 3, both numerator and denominator are positive, so 0 < y < 1.

So the sketch has the correct intercepts and asymptotes as shown.

Let
22 -9
From the sketch in part (b), the inequality
0< flz) <1

means that the curve must lie above the z-axis and below the horizontal line y = 1.

Looking at the graph, this happens only on the two outer branches, that is for

r< -3 or z>3.

Hence the solution to

is
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8. The curve C has equation

2?43
v= r+1
(a) Find the equations of the asymptotes of C. (3]
(b) Show that there is no point on C for which —6 < y < 2. [4]
(c) Sketch C. (2]
(d) (i) Sketch the graphs of
2
_ |3 and y = |z — 1]
z+1
on the same axes, stating the coordinates of any intersections with the axes. (4]

(ii) Use your sketch to find the set of values of ¢ for which

22 +3
z+1

‘ <l|lz—1]+c¢
has no solution. [1]

(a) Divide the numerator by the denominator:

2 +3=(r+1)(xz—1)+4

* 22 +3 4
V=3 1~ rol T+1
Hence:
e asx — —1, T 1 — +00, so there is a vertical asymptote
r=—1

4
e as r — 100, ~T1 — 0, so the curve approaches

T+
y=x—1
Therefore the asymptotes are x = —1 and y = = — 1.
(b) Start from
_ 22 +3
ozl

and rearrange:
ylx+1)=2>+3

2 —yr+(3-y)=0
This is a quadratic in x. For real values of x, its discriminant must satisfy
A>0
So
A= (-y)? —41)(3 - y)
=y —12+4y

=%+ 4y — 12
=(y+6)(y—2)
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Hence
(y+6)(y—2)=0

This gives
y<—6 or y=>2

So there is no point on C for which

—6<y<2

(c) The sketch should look like:

Finding the y-intercept:
y(0) =3
so the y-intercept is (0, 3).
There is no z-intercept because
2 +3

=0 = 2243=0
x+1

which has no real solution.

(d) (i) The two sketches should look like:

y
Cy
T
1
Here )
e+ 3
Ci:y= Co:y=lz—-1
1 Y .’E+1’ 2 Y |$ ‘

For (4, the part of the original curve with < —1 is reflected in the z-axis.The right-hand branch
is unchanged.
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(i)

Its intersections with the axes are:

02+3
= = 3
0+1
so the y-intercept is (0, 3).
There is no z-intercept, since 2% 4+ 3 > 0 for all real z.
Also, C; has vertical asymptote x = —1, and its oblique asymptotes are
y=1—x aszxz — —o0, y=xz—1 asx — o0

For Co iy =z —1]:
lt—1=0=2=1

so the z-intercept is (1,0), and
y=10-1/=1

so the y-intercept is (0,1).

2 +3

From the sketch, y = lies above y = |z — 1| for all z, and the gap tends to 0 as z — +oo.

For the equality case ¢ = 0,

x2+3
r+1

(2 +3)* 2
e Y

= (22 +3)2=(z— 1)z +1)?
= (2% 4 3)% = (22 — 1)?

=zt +622+9=2*—222+1
=82 +8=0

‘|x1|é

which is impossible for real x.
So there is no solution when ¢ = 0, and therefore no solution for any ¢ < 0 either. Since the
graphs get arbitrarily close for large positive or negative x, any ¢ > 0 gives a solution.

Hence the inequality has no solution for
c<0
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9. Let a be a positive constant.

(a) The curve C; has equation

z? — a?
Y= 2 e
Sketch C1. (2]
The curve C5 has equation
a2 —a?\’
v (332 - 4a2)
The curve C3 has equation
z? —a?
Y= 22 —4a2
(b) (i) Find the coordinates of all stationary points of Cs. [3]
(ii) Find also the coordinates of all points of intersection of Cy and Cj. [3]

(c) Sketch C3 and C3 on a single diagram, clearly identifying each curve. Hence find the set of values of

x for which )
2 —a? x2 —qa? [5]
22 —4a?2 ) — |22 — 4a?
Solution
(a) The sketch should look like:
a y a
: : Cl\
------------- '
‘ /711—\ ; L

Since the equation involves only 22, C; is even, so it is symmetric about the y-axis.

The vertical asymptotes are where
2 —4a>=0 = =42

and as r — Fo00,

so the horizontal asymptote is y = 1.

The intercepts are:
y=0=2>-a>=0=12=*a

so (+a,0), and
0= —o 1
xTr = = —_—— = -
YT T4 T g
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so (0, 1).
Also, y > 1 for |z| > 2a, y < 0 for a < |z| < 2a, and 0 <y < 1 for |z| < a.
(b) (i) Let
a2 —a?\’
9(z) <x2 —4@2)
Write s o
z?*—a
f(x) xQ 40/2

2

so that g(z) = (f(z))".
Then

and, using the quotient rule,

(2z) (2% — 4a?) — (22 — a®)(27)

B 2¢((x? — 4a?) — (22 — a?))
(22 — 4a?)?
2x(—3a?)
- (22 — 4a?)?
____ b’z
(22 — 4a?)?

So

o2 (222) ()

B 12a%x(2? — a?)
(22 — 4a?)3

Stationary points occur when ¢’(z) = 0, so
—12a*2(2* — a?®) =0

Hence

=0 or 22=d’=z2=++a

Now find the corresponding y-coordinates:
—a2\* [(1\* 1
O = = — = —
9(0) <4a2> (4) 16

g(xa) =0

and

Therefore the stationary points are
(07 Tlﬁ)7 (_a70)7 <a70)

(ii) The curves C2 and C5 have equations

22 — a2 \? d 2 —a?
= —— an = |
4 22 — 4a2 4 2 — 4q2
Let
z? —a?
w=
22 — 4a?

Then intersections satisfy
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SO

u(u—1)=0
Hence

u=0 or u=1

If w =0, then

22 — g2

2 5| =0

z? —4a
o)

22 —a’=0=2=+a

and then y = 0.
So two intersection points are

(%a,0)
If w =1, then
2 2
2°—a® | _
2 — 4a2
S0 ) )
@t —a
22 — 4a?
First, if
2 2
2’ —a®
2 — 42
then

which gives

—a? = —4a?
impossible.
Next, if
2 2
@”—a _
72 — 4a?
then
22 —a? = — (2% — 4d?)
z? —a® = —2? + 4a?
222 = 5a°
2
SO
5
frng :I: —_
x a\/;
and since u = 1,
y=1

Therefore the points of intersection are

5
(£a,0), <j:a 5,1)
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(c) The sketch should look like:

Both curves are even, so both are symmetric about the y-axis.

They have the same vertical asymptotes = +2a and the same horizontal asymptote y = 1.
From part (b)(i), C has stationary points

(0,15), (£a,0)
and from part (b)(ii), the curves meet at

(+a,0), (:l:a\/g, 1)

Also, C3 = |C1], so it passes through (0, 1) and has cusps at (+a,0).

From the sketch, C5 lies below or on C3 between the outer intersection points. Therefore
2% — a?

22 _ g2 2
(z2 - 4a2> ~ |22 — 4a?
ficrcnft
- = 2
_a\/g a\/g
2 2

for

So the required set of values is

IN

T

IN
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10. A curve C; has equation

S
v= z+3
(a) Write down the equations of the asymptotes of curve Cf. [2]
(b) Sketch the graph of curve Cy. Indicate the values of the intercepts of the curve with the axes. [3]
(c) Hence, or otherwise, solve the inequality
12
24+ ——=>0
T3 2]
(d) Curve Cy is a reflection of curve C; in the line y = —z. Find an equation for curve Cs in the form
y = f(x). [3]
(a) For
S I
V= T+ 3

the denominator is zero when x + 3 = 0, so the vertical asymptote is

r=-3
Also, as x — £oo,

12 —0

z+3

SO

Yy — —2
Hence the horizontal asymptote is

y=-2

Therefore the asymptotes are x = —3 and y = —2.

(b) The sketch should look like:

This is a rectangular hyperbola with centre (—3,—2), with asymptotes x = —3 and y = —2. For
x > —3, the branch lies above y = —2; for x < —3, the branch lies below y = —2.

To find the intercepts:
Setting z = 0,



https://danieljsmith.org

Solutions - Rational Functions danieljsmith.org

so the y-intercept is (0, 2).

Setting y = 0,
24 2 _ 0
T+3
2z =
r=3
so the z-intercept is (3,0).
Therefore the intercepts are (3,0) and (0, 2).
(c) We need to solve
12
—2+——->0
z+3

(d)

From the sketch in part (b), this means we want the part of the curve that lies above the z-axis.

Looking at the graph, curve C; is above the z-axis only between its vertical asymptote at z = —3 and
its x-intercept at x = 3.

Hence

—3<x <3
Reflection in the line y = —a maps each point (z,y) to (—y, —x).
So in the equation of C4, replace x by —y and y by —z:

12
—r=-2+
-y+3
that is,
12
,x:f2+7
3—vy
Now solve for y:
+2 12
—r -
3-y
g, 12
v= 2—x
Since 2 —x = —(z — 2),
12 12

SO

Hence the equation of Cs is
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11. The curve C' has equation

_ 2?2 —6x+5
v= T +2
(a) Find the equations of the asymptotes of C. [3]
(b) Find the exact coordinates of the stationary points on C. [4]
(c) Sketch C, stating the coordinates of any intersections with the axes. [3]
(d) Sketch the curve with equation
_ 2?2 — 6z +5
v= T+2

and find in exact form the set of values of z for which

2 —6x+5
T+ 2

‘<6 5]

(a) Divide the numerator by the denominator:

22 —6x+5=(x+2)(x—8)+21

% 22 —6x+5 21
s
From this form:
e the denominator is zero when x = —2, so there is a vertical asymptote
xr= -2

1
e as r — too, o — 0, so the curve approaches
x

y=x—8
Hence the asymptotes are x = —2 and y = = — 8.
(b) Using
8+ 21
= Tr — —
Y T+2
differentiate: d o1
Y -2
L =1-2@z+2)2=1- ——
dz (z+2) (x4 2)2

d
At a stationary point, d_y =0, so
x

21
L-Gror =0
21
(z +2)2
(z+2)?=21

r+2==xv21
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Hence
r=-2++v21
Now find the corresponding y-coordinates from
= 8+ 21
y= x4+ 2
If x =—-2—+/21, then x + 2 = —/21, so
21
=(-2-vV21)-84+4 ——
y = v21) —
=-10—v21—+v21

=-10—2v21
If x = -2+ 21, then z + 2 = V21, so

21
(—2+\/ﬁ)—8+ﬁ

—-10++v21 ++v21
—-10+2v21

<
I

So the stationary points are

(=2 =21, =10 —2v/21) and (—2+ /21, —10 4 2v/21)

To identify them, differentiate again:

d%y 42
dz?2 (2 +2)3
d?y
Atz =-2-21, (z+2)3 <0, s0 2 < 0: this is a local maximum.
x
d%y
Atz =-2++21, (z+2)% >0, so 2 0: this is a local minimum.
x

Hence the stationary points are a local maximum at (—2 — /21, —10 — 24/21) and a local minimum at

(=2 4 /21, —10 + 2/21).
(c) The sketch should look like:

1 Yy
r=-2,
s ¢
' 2 \A\—/_r —— - €T
1 - y=x-38

For the intersections with the axes:
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For the z-axis, set y = 0:

22 -6z +5
T+ 2

22 —6x+5=0

(x—=1)(z—=5)=0

=0

So the curve meets the z-axis at
(1,0) and (5,0)

For the y-axis, set x = 0:
0?—6(0)+5 5

Y= 042 2

&

The left-hand branch lies below the z-axis for x < —2, and the right-hand branch falls from +o0,
crosses at (1,0), reaches the minimum found in part (b), then rises through (5, 0).

so the curve meets the y-axis at

(d) The sketch should look like:

T =2

Dot

\/\/x

1 )

2 —6x+5

T3 , every part of the graph of C' below the z-axis is reflected in the z-axis. So:
x

For y =

the whole left-hand branch is reflected above the x-axis

the part of the right-hand branch between x = 1 and = = 5 is reflected above the z-axis

the points (1,0) and (5, 0) stay on the curve

e r = —2 remains a vertical asymptote
Now solve
22 -6z +5 ‘
——F <6
x4+ 2
Since both sides are non-negative, we may square:
2 6 5 2
w < 36
(z+2)?

For x # —2, (x + 2)? > 0, so multiplying through gives

(z% — 62 +5)% < 36(x + 2)*
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Rearranging as a difference of two squares:

(m2—6x+5)2—36(ﬂc+2)2<0
((z* =62 +5) — 6(z +2)) ((z* — 6z +5) + 6(z +2)) <
(22 — 122 — 7)(2® +17) <

But 22 4+ 17 > 0 for all real 2, so we need

22120 -7<0

Solve 22 — 122 — 7 = 0:

12 £ /(—12)2 — 4(1)(-7)
xTr =
2
12+ /144428
=
12+ V172

2
=6+43

Since the quadratic opens upwards, it is negative between its roots. Therefore

6 —V43 <x <6+ V43

So the required set of values is 6 — v43 < x < 6 + v/43.
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r—1

12. A curve has equation y = -
¢ —x—6

(a) (i) Write down the equations of the three asymptotes of the curve. [3]
(ii) Sketch the curve, showing the coordinates of any points of intersection with the coordinate axes. [4]

(b) Hence, or otherwise, solve the inequality

r—1

N | =

[3]

22— -6

Solution

(a) (i) Factorising the denominator,
2 —x—6=(z—3)(r+2)

So the vertical asymptotes are
r=3 and z=-2

Since the degree of the denominator is greater than the degree of the numerator, the horizontal
asymptote is

y=0
Hence the three asymptotes are x = —2, x = 3 and y = 0.
(i) The sketch should look like:
l Yy l
N\ 3
| 6 |
‘ : x

P ) 3

|
The intersections with the axes are found as follows.
For the z-axis, y = 0, so
z—1=0
giving = 1. Hence the curve crosses the z-axis at (1,0).
For the y-axis, x = 0, so
0—-1 -1 1

2-0-6 -6 6

Hence the curve crosses the y-axis at (0, #).

y:

Also, as x — +00, y — 0, so the curve approaches the asymptote y = 0. Asx — —27, y - —o0
and as x — —27, y — +00. Asx — 37,y — —oco and as x — 37, y — +oo. This gives the three
branches shown in the sketch.



https://danieljsmith.org

Solutions - Rational Functions danieljsmith.org

(b) To solve
z—1
>

1
22—z —-6" 2

we compare the curve from part (a)(ii) with the line

First find where the curve meets this line:

So the graphs intersect when

From the graph, the curve lies above the line y = % for

—2<x<-1 and 3<x<4

Hence the solution is
x € (—2,-1)U(3,4)
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13. The curve C' has equation
_(z—=1)(x+3)
2220 +3

(a) Show that C has no vertical asymptotes and state the equation of the horizontal asymptote of C.  [3]
(b) Find the coordinates of the stationary points on C. (4]
(c) Sketch C, stating the coordinates of the intersections with the axes. [3]

(d) Sketch the curve with equation

|z —=1)(x+3)
T 22—22+3
and state the set of values of k for which
(z —1)(x+3) ok
22 —2x+3 |
has 4 distinct real solutions. [2]

(a) Write the denominator as
=22 +3=(x—1)%+2
Since (z — 1)2 4+ 2 > 0 for all real x, the denominator is never 0.
So C has no vertical asymptotes.

The numerator and denominator are both quadratic, with the same leading coefficient 1, so as x — Fo0,
y—1

Hence the horizontal asymptote is
y=1
(b) First expand the numerator:
(—1)(x+3) a*+22-3
2 —2x+3  22-22+43

Differentiate using the quotient rule:

dy (22 +2)(2® — 22 +3) — (* + 22 - 3)(2z - 2)

de (22 — 22 + 3)?
(223 — 222 + 22 + 6) — (22° + 222 — 10z + 6)
B (x2 — 2z + 3)?
—4x% 4+ 122
- (2?2 — 2z + 3)?
4x(3 — x)
(22 —22+3)2
dy

For stationary points, set 1= 0.
x
Since (2?2 — 2z + 3)2 > 0 for all x, this gives
4x(3—x) =0

So

r=0 or z=3
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Now find the corresponding y-coordinates:

v = EI
v = 2

So the stationary points are
(0,—1) and (3,2)

d
Also, since the sign of % is the sign of x(3 — x), it is negative for x < 0, positive for 0 < z < 3, and
negative for x > 3.

Therefore (0,—1) is a minimum point and (3,2) is a maximum point.

(c) The sketch should look like:

Intersections with the z-axis occur when y = 0, so the numerator must be 0:
(x—=1)(z+3)=0

Hence
r=1 or z=-3

So the z-intercepts are

(1,0) and (-3,0)

The intersection with the y-axis is found by putting x = 0:

So the y-intercept is
(07 71)
Using parts (a) and (b), the curve is continuous for all z, has horizontal asymptote y = 1, minimum
point (0, —1) and maximum point (3, 2).
It also crosses the horizontal asymptote when y = 1:
22 +22 -3
e A |
22 —2x+3

2242 —-3=22-22+3

dr =6
3
=2
2

So it crosses the asymptote at
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(d) The sketch should look like:

To solve

(z —1)(x+3)
2 —21x+3

=+

draw the horizontal line y = k.

For there to be 4 distinct real solutions, the line must meet the curve four times: once on the left-hand
branch, twice on the middle arch, and once on the right-hand branch.

From the sketch, this happens exactly when the line lies above the z-axis and below the point (0, 1),
that is,
0<k<l1

Hence the required set of values is
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14. The curve C has equation

_ —2?+4x+5
B T+ 2
(a) Find the equations of the asymptotes of C. (3]
(b) Find the coordinates of the stationary points of C. [4]
(c) Sketch C, stating the coordinates of the intersections with the axes. [3]
(d) Sketch the curve with equation
_ —2?+4x+5
B T +2 [2]
(e) Using your sketch, or otherwise, find the set of values of = for which
.2
‘w‘ <9 [4]

T+ 2

(a) Divide the numerator by = + 2:

2?44+ 5=(—x+6)(z+2) -7

SO .
y=-o+6- x4+ 2
Hence the denominator is zero when z = —2, so there is a vertical asymptote
T =—-2

-7
Also, as x — +o00, the term o — 0, so the oblique asymptote is
x
y=—-x+6

Therefore the asymptotes are x = —2 and y = —z + 6.

(b) Using
=-r+6— T
v= T+ 2
differentiate:
dy 1 7
dr (x +2)?
At a stationary point,
7
-1 =0
ZERE
SO
7 _1
(z+2)?
(x+2)?2=7
T4+2=+V7
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Now find the corresponding y-values.
For z = -2 — /T:

7
y=—( ) — 7
=2+ V7T+6+V7
=8+2V7
For x = —2 +/T:
7
=—(—2+V7)+6—-—
y=—( ) 7
=2-V7T+6-V7
=8-2V7
To classify them, differentiate again:
d%y 14

de? ~ (2 +2)3

2

d
Atz =-2-V7 (24+2) = V7,50 dixg > 0 and this is a minimum.

2

d
Atz =-2+7, (x+2)=+7,s0 —Z < 0 and this is a maximum.

dz

Therefore the stationary points are
(=2 —=V7, 84+ 2V7) and (-2+ V7, 8—2V7)
with the first a minimum and the second a maximum.

(c) Using the asymptotes and stationary points from earlier parts, the sketch should look like:

T~ x
5 ~--
c

The intersections with the z-axis satisfy y = 0, so

—x?44x+5 _0

T+ 2 N

hence

22 +424+5=0
and

22 —4r—5=0
(x=5)(z+1)=0
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(d)

(e)

so the z-intercepts are
(=1,0) and (5,0)

The intersection with the y-axis is found by putting x = 0:

_9
Y75
so the y-intercept is
5
O —
(03)
Also,
(ct6)= ——
—(—z - _
4 T+ 2

so for x < —2 the curve lies above the oblique asymptote, and for x > —2 it lies below it.
Therefore the axis intersections are (—1,0), (5,0) and (0, 2).

The sketch should look like:

—

1 5

This graph is obtained by reflecting the parts of C' below the z-axis in the z-axis.
From the sketch of C', those parts are for

2<zr< -1 and T >5H

The zeros stay at (—1,0) and (5,0), the vertical asymptote remains = —2, and for large positive
the reflected branch has asymptote
y=x—6

Using the sketch in part (d), we need the graph of

B —z?2+4x+5
N T +2
to lie below the line y = 2.
First find where it meets y = 2, so solve
—2? 44z +5 _
T+ 2 B
This means solving
—z? +4x+5 —x?2+4x+5
—— =2 and _— =

T+ 2 T+ 2
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2
Forw:z
x+ 2
—2? 44 +5=22+4
—224+2+1=0
22 —2x—-1=0
SO
r=1+V2
2
For —%-t4z+5
x+2
— 2?44 +5=—-2r—4
— 224+ 6x+9=0
2 —6x—-9=0
SO
r=3+3V2

In order, these values are

3-3v2, 1-v2, 1+V2, 3+3V2

—224+4x+5

z+2
two intersection points:

From the sketch,

3-3V2<r<1-vV2 o 1+V2<z<3+3V2

Therefore the solution set is

(3—3v2, 1-v2) U (1++2, 3+3V2)

‘ < 2 between the first two intersection points, and between the last
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