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1. The functions z and y satisfy

di-i— = bx
a Y
dy

7 2 —

ar + 2y = 6x

(a) Differentiate the first equation and eliminate y to show that x satisfies

A2z dx (4]
— 37" fp —
az g A=

(b) Given that x =1 and y = 3 when t = 0, find explicit expressions for « and y in terms of ¢. [7]
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2. The functions x and y satisfy the simultaneous differential equations

dz

el =0
a Y

d
d—i—xz?et

and when t =0, x =0 and y = 1.

Solve the system, giving x and y explicitly in terms of ¢ [11]
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3. The functions x and y satisfy

dz
dt
dy
e r—u—1
a Y

=3x+4y+7

Given that x =5 and y = —3 when ¢ = 0, find = and y as functions of ¢ [10]
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4. The functions z and y satisfy the system of differential equations

dx
— = 2y — 7
I T+ 2y
dy

=9 —
ar r+y—38

(a) Find the stationary point of the system.

That is, find the values of x and y such that % =0and F =0

[}

(b) Given that x =4 and y = 0 when ¢ = 0, find the particular solutions for z and y in terms of ¢

[2]
(8]
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5. For ¢ > 0, the functions = = f(¢) and y = g(t) satisfy the coupled first-order differential equations.

dx
= —9r—
a Y
dy
=7 — )
T T+ 2y

Given that x =1 and y = 2 when ¢ = 0, determine exact simplified expressions for f(t) and g(t) [10]
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6. The functions x and y satisfy the simultaneous differential equations

dx

- :0
at Y
dy

7 _ :2
dt

and when t = r=1and y=2.

™
57

Solve the system, giving x and y explicitly in terms of ¢ [11]
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7. An ecologist is studying the effect of introducing a population of weed-eating snails into a lake containing
an invasive waterweed. During the first few months, a temporary pollutant also affects the snail population.

At time ¢ months, the amount of waterweed, w, and the number of snails, s, are modelled by the differential

equations

(a) Show that

(b) Find a general solution for the amount of waterweed at time ¢ months
c) Find a general solution for the number of snails at time ¢ months
g

The model predicts that, at time T months, the waterweed will have been eliminated.

d

d—lfzélw—s

d

d—j:6w75—4867t
d?w dw

— 3 42w =48e""!
a2 3dt+ w 8e

Given that w = 30 and s = 110 when ¢t =0

(d) Find the value of T, giving your answer to 3 decimal places

(e) Suggest one limitation of the model

[3]

[6]
[2]

[6]
[1]
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8. At the start of 2021, a survey began of the number of mature trees and saplings in a managed woodland.

At time t years after the survey began, the number of mature trees, m, and the number of saplings, s, are
modelled by the differential equations

dm _1
a4’
ds 1 1

FTT T

(a) Show that
d?s 1ds 1

Bl RN
az " 10dr 80

(b) Find a general solution for the number of saplings in the woodland at time ¢ years

(c) Hence find a general solution for the number of mature trees in the woodland at time ¢ years

At the start of 2021 there were 20 mature trees and 20 saplings.

(d) (i) According to this model, find the first value of ¢ for which no saplings remain, and state the
year.
(ii) According to this model, how many mature trees are there at that time?
(iii) Use your answers to parts (i) and (ii) to comment on the suitability of the model.

[3]

[4]

[3]

[7]
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9. A treatment system consists of two well-stirred tanks, A and B. Tank A has capacity 300 litres and tank
B has capacity 500 litres.

At time ¢t = 0, tank A is full and contains 300 grams of salt, while tank B is full and contains 1200 grams
of salt.

When t > 0, liquid flows in the following ways:

e Brine with a salt concentration of p grams per litre flows into tank B at a constant rate

Liquid flows from tank A to tank B at a rate of 3 litres per minute

Liquid flows from tank B to tank A at a rate of r litres per minute

Liquid flows out of tank A through a waste pipe

The amount of liquid in tank A remains at 300 litres and the amount of liquid in tank B remains at
500 litres

At time ¢ minutes (¢ > 0) there are x grams of salt in tank A and y grams of salt in tank B.

This system is represented by the coupled differential equations

de 1.3
a 20" " 1007

d 1

& _ x—iy+24

dt 100 100

(a) Find the value of r [2]
(b) Show that =2 [3]

(c) Solve the coupled differential equations to find both x and y in terms of ¢ [9]
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10. Two invasive plant species, X and Y, are spreading through a wetland and compete for light and nutrients.
A model for this competition assumes, in one particular wetland, the following.

e In the absence of the other species, species X would increase at a rate proportional to the number
present, with constant of proportionality p.

e In the absence of the other species, species Y would increase at a rate proportional to the number
present, with constant of proportionality g.

e Competition reduces the rate of increase of species X by an amount proportional to the number of
species Y present.

e Competition reduces the rate of increase of species Y by an amount proportional to the number of
species X present.

If the numbers of species X and Y present at time ¢ years are x and y respectively, the model gives the
differential equations

dz dy

Py and E:qy—bx
(a) (i) Show that x satisfies
d2x dx
a© (p+q)a+(pq—ab)x—0

and hence that the general solution for x is
z = AeM? + Bet2t
where \; and A\» are the roots of

N —(p+qA+ (pg—ab) =0

(ii) Hence show that the general solution for y can be written in the form

:p—>\1

AeMt 4 p— 22 A2 Be2?
a a

Y

Observations suggest that suitable values for the model are p = 0.035, ¢ = 0.005, a = 0.03 and b = 0.0225.
You should use these values in the rest of this question.

(b) When t = 0, the numbers present of species X and Y in this wetland are x¢ and yo respectively.

(i) Show that

0.05t+ (.’E0+2y0)€_0'01t

= =

1
T = 1(3950 —2yp)e

(ii) Hence show that

0.05t+ ($0+2y0)6_0'01t

| w

1
Y= —§(3$0 — 2yp)e

(c) Use initial values 29 = 400 and yo = 500 with the results in part (b) to determine what the model
predicts for each of the following.

(i) What numbers of each species will be present after 25 years?
(ii) When will the numbers of the two species be equal?
(iii) Does either species ever disappear from the wetland? Justify your answer

(d) Different initial values will apply in other wetlands where the two species compete, but previous
studies indicate that in most wetlands one population eventually increases while the other decreases.

(i) Find a relation between zy and yo for which the model does not predict this outcome
(ii) Explain what the model predicts in the long term for this exceptional case

[6]

[2]

[3]

[1]

[2]
[4]
[3]

[1]
2]


https://danieljsmith.org

Systems of Differential Equations danieljsmith.org

11. A pharmacologist is studying the movement of a drug between a patient’s bloodstream and muscle tissue.
The amount of drug in the bloodstream after ¢ hours is £ mg. The amount of drug in the muscle tissue
after ¢ hours is y mg. Initially, when ¢ = 0, there is no drug in either the bloodstream or the muscle tissue.

At first it is assumed that no drug is removed from the body. The pharmacologist further assumes that
the drug is infused into the bloodstream at a constant rate of ¢ mg per hour, where ¢ > 6.

For ¢ > 0, this situation is modelled by the following pair of first-order linear differential equations.

dz
i =52+ 30y +¢
dy
Y~ 5 — 30
a2t
(a) (i) Show that
d?x dz
— +35— =30
az P M [2]
(ii) Hence determine x in terms of ¢ and ¢ [7]

(iii) The patient’s bloodstream is tested 20 hours after the infusion begins. Explain why, according
to this model, the patient will be at risk of toxic side effects when the test is carried out [1]

Further observations suggest that some of the drug is metabolised in the muscle tissue and so is removed
from the body. The model is refined in light of this. One resulting expression for z is

1
z=q (10 el <1o cosh(\/241 t) n \/% sinh(\/241 t)))

In the refined model, it is still assumed that the drug is infused at a constant rate.

(b) Given now that ¢ < 9, determine whether the patient will be at risk of toxic side effects in the long
run according to this refined model [2]

(c) Suggest a reason why it might be more realistic to model the infusion rate as not being constant [1]
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12. A water-treatment plant uses two storage tanks, tank A and tank B, joined by a balancing pipe. At any
given instant, water can be transferred between the two tanks. It is assumed that these transfers happen
instantaneously.

The volume of water in tank A at time ¢ hours is denoted by A and the corresponding volume in tank B
is B. Because the volumes are large for most of the time, A and B are modelled as being continuous.

When the volumes in the two tanks are different, water is pumped from the tank with more water to

the tank with less water. In addition, water flows directly into tank A at a rate proportional to t2. An
engineer therefore decides to model A and B with the following coupled differential equations.

dA

— =k(B-A t?
g =M )+
dB
— =k(A-B
3 = M )
(a) Explain why & must be positive. [1]

After examining data, the engineer chooses k =1 and v = 4.

(b) Show that A satisfies the second order differential equation

d?2A  _dA

— +2— =4t* + 8¢

az T T 2]
(c¢) (i) Find the complementary function for the differential equation from part (b). [2]

(ii) Explain why a particular integral of the form A = at? + bt + ¢ will not work in this situation.  [1]

(iii) Using a particular integral of the form A = at3 + bt? + ct, find the general solution of the
differential equation from part (b). [3]

(d) At a certain time, tank A contains 52m? of water and the volume in tank A is increasing at 13 m®h~1.
Use the model, starting from this time, to estimate the volume of water in tank A 30 minutes later.  [4]

(e) Explain why the model becomes unreliable as t gets very large. [1]
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