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1. The infinite series C' and S are defined by

1 1 1
C = cos 20 — gcos59+§cos89——cos110+~-~

. 1 . 1 . 1 .
S—sm26—gsm50+§sm89—2—7$1n110+~~

Given that the series C' and S are both convergent.
(a) Show that

362i0

[4]
(b) Hence show that

_ 9sin260 — 3sin 6 (4]
~ 10+ 6cos36

(a) Using Euler’s formula,

cosz +isinz = e

So

C +1S = (cos 20 +isin 260 —1 cos 50 + isin 50 —|—1 cos 80 +1isin80) — - - -
3 9

) 1 .. 1 . 1 ..
2i0 _ -~ 5if - 80 ~ 110 L.
e 36 + 96 276 +

Factor out e%?:

. 1 . 1 .. 1 o
C-i—iS:teg (1—36316—1—56610—2—76919+~-~>

This is a geometric series with first term 1 and common ratio

Since

the series converges, so

; 1
C+iS=e? ————
B oy s Ty Y
2i6 1
1+e39/3
3€2i0
REEYED

=€

Hence

362i9

(b) From part (a),

3e2i9
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Multiply numerator and denominator by 3 4 e~3i:
362i0(3+e—3i9)

OIS = By s34 o9

_ 962i9 +367i0
- 9+ 3e3if + 3e—3i0 + e3ifl o —3i0

- 96210 +3e—i0
10+ 3 (&3 + e—319)

Now use
30 + 7319 = 20530

so the denominator becomes
10 + 6 cos 30

Therefore ) )
96210 4 36710

C4ig="2 19
T = 10 6e0s 30

The denominator is real, so taking imaginary parts gives

2i0 —if
S Im {9@ + 3e ]

10 + 6 cos 360

~9sin 20 4 3(—sin0)
10+ 6cos 36

Hence
~ 9sin260 — 3sind

10 + 6 cos 36
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2. (i) Show that _ '
(1—2e%9)(1 —2e72) =5 — 4cos 26 (3]

For a positive integer n, series C' and S are defined by

C = cosf +2cos 30 + 4cos 50 + - - - + 2" cos((2n — 1))

S =sin® + 2sin360 + 4sin 50 + - - - + 2" sin((2n — 1)8)

(ii) Show that
27+ cos((2n — 1)0) — 2™ cos((2n + 1)6) — cosd
5 —4cos20
and find a similar expression for S. [9]

(i) Expanding the product,

C:

(1 —2e29)(1 — 2e7219) =1 — 26219 — 2729 1 4
—5_9 (6219 + 6—219)

Using
20 4+ 729 = 920520

gives
(1 —2e59)(1 — 2¢7259) = 5 — 2(2cos 260)
=5—4cos20
as required.

(ii) Let
Z=C+iS

Then, using cosz + isinz = e'*,

VA

(cos@ +isin @) + 2(cos 30 4 isin30) + - - - + 2" (cos((2n — 1)8) +isin((2n — 1)6))
— e 1 9eBI0 1 450 4 4 gn—1,(2n—1)i0
— ei9 (1 + 262i9 + (2€2i9)2 4+t (262i9)n—1)

This is a geometric series with first term 1 and common ratio 2¢?, so
g ei01 _ (262i9)n _ i01 _ 2n62ni9
B 1—2e20 71— 2¢2i0

Multiply numerator and denominator by 1 — 2e~2%:

1 —2ne2nif 1 _ 9e—2i0
1—2¢20 1 —2¢—20
B eie(l _ 2ne2n19)(1 _ 26—210)

(1 — 2e219)(1 — 2e—21)

Z = e

Using part (i), the denominator is 5 — 4 cos 26, so

ei9(1 _ 2ne2ni0)(1 _ 26—219)
5 —4cos 26

7 =

el _ 9010 _ znei(2n+l)0 4 2n+1ei(2n—1)0
5 —4cos20
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Now simplify the first two terms:

el —2¢71% = (cosf +isin ) — 2(cos @ — isinh)
= —cosf + 3isind
Hence i .
—cosf + 3isinf — 27! (2nt1)0 4 gn+lpi(2n—1)0
5 — 4 cos 20

Writing the exponential terms in sine and cosine form,

7 =

—cos — 2" cos((2n + 1)8) + 2" cos((2n — 1)6)
5 —4cos20

Z:

. 3sinf — 2" sin((2n + 1)0) + 27 L sin((2n — 1)0)
+1
5 —4cos20

Since Z = C' + 15, equating real and imaginary parts gives

2"t cos((2n — 1)0) — 2™ cos((2n + 1)0) — cos b

¢ 5 — 4 cos 20

and
~ 2"sin((2n — 1)6) — 2" sin((2n + 1)0) + 3sin 6

5= 5 —4cos 20

So the required similar expression for S is

o 27t gin((2n — 1)8) — 2" sin((2n + 1)6) + 3sin 0
- 5 — 4 cos 20
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3. (i) Show that 4
1 — €™ = 25inf(sin @ — i cos ) [3]

(ii) For a positive integer n, the series C' and S are defined as follows.

C=1- <T> cos 20 + <;L> cos4f — ...+ (—1)" cos2nd
S = —(T) sin 260 + (Z) sindf — ...+ (—1)"sin2né

By considering C + iS5, show that

C = 2"sin" 0 cos (n9 - %)

and find a corresponding expression for S. [9]

(i) Using Euler’s formula e?2¢ = cos 26 + i sin 20,
1—e? =1 —cos20 — isin26
= (1 — cos 20) — isin 20
= 2sin?# — i(2sin f cos H)
= 2sinf(sin 6 — i cos §)
Hence

1 —¢?% = 25in(sin 6 — i cos §)

(ii) Combine the two series into one complex expression:

C+iS=1- (T) (cos 26 + isin 20) + (Z) (cos40 4+ isin40) — - - - 4+ (—1)"(cos 2nf + i sin 2nfh)

—1_ (71l> 120 4 <Z> e 4 (—1)nei2n?

by the binomial theorem.
From part (i), ‘
1 —e?% = 25inO(sin 6 — i cos §)

SO

C +iS = [2sinf(sinf — i cos 0)]"

=2"sin" 6 (sinf — icosO)"

Now factor out —i:
sin@ —icos@ = —i(cos@ + isin6)

Since

_7/ — 6—7,7'(/2

this becomes 4
sinf —icosf = e/?(cos O + isin 6)
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Therefore, by De Moivre’s theorem,

(sinf — i cos0)™

Substituting this into C 4+ .5,

C+i5:2”sin"0(cos (nﬂ—%r) —|—isin(

Equating real and imaginary parts gives

C =2"sin" H cos (n@ — n_w)

and

S:

= (e7"/?(cos 0 + isin 0))n

— e—zmr/Q em6

= cos (n@ - n%) + ¢sin <n9 — —)

2

2" sin™ 0 sin (n@ - %)

nm

2

)
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4. The infinite series C' and S are defined as follows:

C = cosa+rcos(a+ B) +r?cos(a+28) +...

S =sina + rsin(a+ ) + r?sin(a +28) + ...

where r is a real number and |r| < 1.

By considering C' + 1S, show that

cosa — rcos(a — f3)

C =
1+72—2rcospf
and find a corresponding expression for S. (8]
Let
Z=C+iS
Then

Z = (cosa+rcos(a+ B) +r? cos(a +28) + -+ -)
—|—i(sina+rsin(a—|—,6) +r251n(a+25) _|_)

oo

= Z r" (cos(a + nf) + isin(a + np))

n=0

Using Euler’s formula,

cosf +isin = €'’
S0
oo
7 = Z ,rnei(a+n,6)
n=0
o0
= e'® Z (relﬁ)n
n=0
Since

|7‘elﬂ| =|rl<1
this is a convergent geometric series, so

1
1 —reif
i

Z = e
e
T 1—relb
Now multiply top and bottom by the conjugate-like factor 1 — re=14:
e (1 — re~18)
(1 —relB)(1 — re—iB)

7 =

First simplify the denominator:
(1- reiﬁ)(l - re_iﬁ) =1- r(eiﬁ + e_w) + 72
=1—7(2cosB) + 1
=1472—2rcosf
Now simplify the numerator:
(1 —re ) = ¢l — pel@e™P

_ eia _ Tei(a—,@’)
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Hence
elo _ T.ei(a—ﬂ)

- 14+72—2rcospf

Write the exponentials in terms of sine and cosine:

Z

_cosa+isina —r(cos(a — ) +isin(a — f))

N 1472 —2rcosf

(cosaw — rcos(a — B)) +i(sina — rsin(a — B))
1+72—2rcospf

Z

But Z = C 419, so equating real and imaginary parts gives

cosa — rcos(a — f3)

C =
1+72—2rcospf
and
g sina — rsin(a — 5)
1412 —2rcosf
Therefore,

cosa — rcos(a — ) g_ sina — rsin(a — )

C: 5 pr—
1+7r2—2rcosf 1472 —2rcosf
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5. (i) For values of 6 for which the expressions are defined, show that

1+itanf = secf(cosf + isinb) (2]

(ii) For a positive integer n, the series C' and S are defined by

P J— n 2 n 4 )
C=1 (2)tan 9+(4>tan9
S = (T) tan g — (g) tan® 0 + (g) tan® 6 — - .-

where in each case the pattern continues until the power of tan 6 is at most n.

By considering C' + 1S, show that
C = sec™ §cosnd

and find a corresponding expression for S. [7]

(i) For the expressions to be defined, we need

cosf #£ 0
Now
secf(cos @ +isinf) = secfcosf + isecHsiné
=1+itanf
So

1+itanf = sech(cosf +isinf)

as required.

(ii) Consider C' +1iS.

Using the given definitions,

3 P J— n 2 n 4 —_— e e . 3 n J— n 3 n 5 R
C—l—lS—(l (2>tan 0+<4>tan9 )+1<<1>tan6‘ (3)tan 9+<5>tan0 )

Now note that

(itan9)? = 1, (itand)! =itan®, (itan§)? = —tan? 0, (itan#)® = —itan® 6
so the terms in C' + 1S match the binomial expansion of (1 +itan6)”. Hence
C+iS = Z <Z) (itan8)* = (1 +itan@)"
k=0
Using part (i),
1+itan6 = secf(cos + isinb)

Therefore

C+iS=(1+itanf)"
= [sec f(cos 0 + isin 9)]"
=sec” 0 (cosf +1isinf)"

By de Moivre’s theorem,
(cos +isin@)™ = cosnb + isinnd
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So
C +1S = sec™ O(cosnf + isinnbh)

Equating real and imaginary parts gives
C = sec” § cosnb

and
S = sec” §sinnf

Hence the corresponding expression for S is

S = sec” sinnb
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6. The convergent series C' and S are defined by

=3 (%) cos((4n + 1)9)

n=0

S = i (-%)n sin((4n + 1))

n=0

(a) Show that

) 2619
C+15:—2+e419 4]
(b) Hence show that
C,_400s9+2cos30 [4]
~ 5-+4cos4f

(a) Using Euler’s formula, .
cosx +isinz = €'

SO

and

S0 it converges and its sum is

Hence

(b) Starting from part (a),
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Multiply top and bottom by 2 + e~4:

2619(2 + e~419)
(2 + €4i0)(2 + ¢—4i9)
4€i6 + 26—319
(24 e%9)(2 + e~419)

C+iS =

Now simplify the denominator:

(2 + M) (24 e710) = 4 4 210 4 2740
=542 (e4i9 + 6_419)

=5+ 4cos46
since €'* + ¢~ = 2cos .
Therefore y 516
4e' + 2e!
C+iS=———
tl 5+ 4 cos 40

The denominator is real, so taking real parts gives

_4cosf +2cos(—30)
B 5+ 4cos4d

_4cost +2cos 30
T B5+4cosdh

Hence
_4cost +2cos 30

¢= 5+ 4 cos 40
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7. Let

n—1
C = Zcos2 (9+ 2%)
r=0

n—1
S = Zsin (04—%) cos (04—%)

r=0

where n is an integer greater than 2. Let exp(z) denote e*.

By considering the real and imaginary parts of

show that C = g and S = 0. [7]

Let
s 2mr
7 = 2i( 0+ —
CICICES)

Using exp(ix) = cosx + isinz, this becomes

n—1
7 = Z (cos <2t9+ 4%) + isin (29+ 4%))

r=0
So

n—1
4mr
Z) = g 20 + —
Re(2) Tzocos( + n>

Now rewrite Z as a geometric series:
! drir
Z = 2i0 + —
; exp ( 10 + n >
= 4mi\\"
= 210 i
exp(2i ),;0 (exp( - ))
(47ri>
w=-exp| —
n

n—1
7 = exp(2i0) Z w”
r=0

Let

Then

Since n > 2, we have 0 < % < 1, so w # 1. Therefore the geometric series formula gives

n

Z = exp(2i0) 1

But
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So
Z = exp(2if) 11 — !
=0
Hence both the real and imaginary parts of Z are zero:
nz_lcos (29—|— 4ﬂ> =0
=0
nilsin (29—|— 4ﬂ> =0
r=0

Now use the double-angle identities.
For C,

9 1+ cos2x
cos* v = ———

with © = 6 + £&- 2” . Then
ity 2mr
C = Z cos <0 + —)
r=0

Z_: + cos 29—1—4”)

=0

L nill +1 nil 29 + 41
— — cos -
2 r=0 2 r=0

<

For S,

. 1 .
sinxcosx = 3 sin 2x

S0, again with x = 6 + 2”77",

n—1
S = Zsm(@—l——)cos(@—&—@)

r=0

1= Ay
= EZsin (20+ —)
r=0

Therefore
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